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0$57,1�'$9,6��&RXUDQW�,QVWLWXWH�RI�0DWKHPDWLFDO�6FLHQFH�

:KHQ�D�ORQJ�RXWVWDQGLQJ�SUREOHP�LV�ILQDOO\�VROYHG��HYHU\�PDWKHPDWLFLDQ�ZRXOG�
OLNH�WR�VKDUH�LQ�WKH�SOHDVXUH�RI�GLVFRYHU\�E\�IROORZLQJ�IRU�KLPVHOI�ZKDW�KDV�EHHQ�
GRQH��%XW�WRR�RIWHQ�KH�LV�VW\PLHG�E\�WKH�DEVWUXLVHQHVV�RI�VR�PXFK�RI�FRQWHPSRUDU\�
PDWKHPDWLFV��7KH�UHFHQW�QHJDWLYH�VROXWLRQ�WR�+LOEHUW
V�WHQWK�SUREOHP�JLYHQ�E\�
0DWL\DVHYLF��FI��>��@��>��@��LV�D�KDSS\�FRXQWHUH[DPSOH��,Q�WKLV�DUWLFOH��D�FRPSOHWH�
DFFRXQW�RI�WKLV�VROXWLRQ�LV�JLYHQ��WKH�RQO\�NQRZOHGJH�D�UHDGHU�QHHGV�WR�IROORZ�WKH�
DUJXPHQW�LV�D�OLWWOH�QXPEHU�WKHRU\��VSHFLILFDOO\�EDVLF�LQIRUPDWLRQ�DERXW�GLYLVLELOLW\�
RI�SRVLWLYH�LQWHJHUV�DQG�OLQHDU�FRQJUXHQFHV���7KH�PDWHULDO�LQ�&KDSWHU���DQG�WKH�
ILUVW�WKUHH�VHFWLRQV�RI�&KDSWHU���RI�>��@�PRUH�WKDQ�VXIILFHV���

+LOEHUW
V�WHQWK�SUREOHP�LV�WR�JLYH�D�FRPSXWLQJ�DOJRULWKP�ZKLFK�ZLOO�WHOO�RI�D�
JLYHQ�SRO\QRPLDO�'LRSKDQWLQH�HTXDWLRQ�ZLWK�LQWHJHU�FRHIILFLHQWV�ZKHWKHU�RU�QRW�LW�
KDV�D�VROXWLRQLQLQWHJHUV��0DWL\DVHYLF�SURYHG�WKDW�WKHUH�LV�QR�VXFK�DOJRULWKP��

+LOEHUW
V�WHQWK�SUREOHP�LV�WKH�WHQWK�LQ�WKH�IDPRXV�OLVW�ZKLFK�+LOEHUW�JDYH�LQ�KLV�
�����DGGUHVV�EHIRUH�WKH�,QWHUQDWLRQDO�&RQJUHVV�RI�0DWKHPDWLFLDQV��FI��>��@���7KH�
ZD\�LQ�ZKLFK�WKH�SUREOHP�KDV�EHHQ�UHVROYHG�LV�YHU\�PXFK�LQ�WKH�VSLULW�RI�+LOEHUW
V�
DGGUHVV�LQ�ZKLFK�KH�VSRNH�RI�WKH�FRQYLFWLRQ�DPRQJ�PDWKHPDWLFLDQV��WKDW�HYHU\�
GHILQLWH�PDWKHPDWLFDO�SUREOHP�PXVW�QHFHVVDULO\�EH�VXVFHSWLEOH�RI�D�SUHFLVH�VHWWOHPHQW��
HLWKHU�LQ�WKH�IRUP�RI�DQ�DFWXDO�DQVZHU�WR�WKH�TXHVWLRQ�DVNHG��RU�E\�WKH�SURRI�RI�WKH�
LPSRVVLELOLW\�RI�LWV�VROXWLRQ������ �LWDOLFV�DGGHG���&RQFHUQLQJ�VXFK�LPSRVVLELOLW\�SURRIV�
+LOEHUW�FRPPHQWHG��

�6RPHWLPHV�LW�KDSSHQV�WKDW�ZH�VHHN�WKH�VROXWLRQ�XQGHU�XQVDWLVILHG�K\SRWKHVHV�
RU�LQ�DQ�LQDSSURSULDWH�VHQVH�DQG�DUH�WKHUHIRUH�XQDEOH�WR�UHDFK�RXU�JRDO��7KHQ�WKH�
WDVN�DULVHV�RI�SURYLQJ�WKH�LPSRVVLELOLW\�RI�VROYLQJ�WKH�SUREOHP�XQGHU�WKH�JLYHQ�
K\SRWKHVHV�DQG�LQ�WKH�VHQVH�UHTXLUHG��6XFK�LPSRVVLELOLW\�SURRIV�ZHUH�DOUHDG\�JLYHQ�
E\�WKH�DQFLHQWV��LQ�VKRZLQJ��H�J���WKDW�WKH�K\SRWHQXVH�RI�DQ�LVRVFHOHV�ULJKW�WULDQJOH�
KDV�DQ�LUUDWLRQDO�UDWLR�WR�LWV�OHJ��,Q�PRGHUQ�PDWKHPDWLFV�WKH�TXHVWLRQ�RI�WKH�LPSRV��
VLELOLW\�RI�FHUWDLQ�VROXWLRQV�KDV�SOD\HG�D�NH\�UROH��VR�WKDW�ZH�KDYH�DFTXLUHG�WKH�
NQRZOHGJH�WKDW�VXFK�ROG�DQG�GLIILFXOW�SUREOHPV�DV�WR�SURYH�WKH�SDUDOOHO�D[LRP��WR�
VTXDUH�WKH�FLUFOH��RU�WR�VROYH�HTXDWLRQV�RI�WKH�ILIWK�GHJUHH�LQ�UDGLFDOV�KDYH�QR�VROXWLRQ�
LQ�WKH�RULJLQDOO\�LQWHQGHG�VHQVH��EXW�QHYHUWKHOHVV�KDYH�EHHQ�VROYHG�LQ�D�SUHFLVH�DQG�
FRPSOHWHO\�VDWLVIDFWRU\�ZD\���

0DUWLQ�'DYLV�UHFHLYHG�KLV�3ULQFHWRQ�3K��'��XQGHU�$ORQ]R�&KXUFK��+H�KDV�KHOG�SRVLWLRQV�DW�8QLY��
RI�,OOLQRLV��,$6��8QLY��RI�&DOLI��'DYLV��2KLR�6WDWH�8QLY���5HQVVHODHU�3RO\��<HVKLYD�8QLY��DQG�1HZ�
<RUN�8QLY���DQG�KH�VSHQW�D�OHDYH�DW�:HVWILHOG�&ROOHJH��/RQGRQ��+H�KDV�GRQH�UHVHDUFK�LQ�YDULRXV�
DVSHFWV�RI�WKH�IRXQGDWLRQV�RI�PDWKHPDWLFV��DQG�LV�WKH�DXWKRU�RI�&RPSXWDELOLW\�DQG�8QVROYDELOLW\�
�0F*UDZ�+LOO���������7KH�8QGHFLGDEOH��HGLWRU��5DYHQ�3UHVV���������/HFWXUHV�RQ�0RGHUQ�0DWKHPDWLFV�
�*RUGRQ�DQG�%UHDFK���������DQG�)LUVW�&RXUVH�LQ�)XQFWLRQDO�$QDO\VLV��*RUGRQ�DQG�%UHDFK���������
(GLWRU��

����
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0DWL\DVHYLF
V�QHJDWLYH�VROXWLRQ�RI�+LOEHUW
V�WHQWK�SUREOHP�LV�RIMXVW�WKLV�FKDUDFWHU��
,W�LV�QRW�D�VROXWLRQ�LQ�+LOEHUW
V��RULJLQDOO\�LQWHQGHG�VHQVH��EXW�UDWKHU�D��SUHFLVH�DQG�
FRPSOHWHO\�VDWLVIDFWRU\��SURRI�WKDW�QR�VXFK�VROXWLRQ�LV�SRVVLEOH��7KH�PHWKRGV�QHHGHG�
WR�PDNH�LW�SRVVLEOH�WR�SURYH�WKH�QRQ�H[LVWHQFH�RI�DOJRULWKPV�KDG�QRW�EHHQ�GHYHORSHG�
LQ�������7KHVH�PHWKRGV�DUH�SDUW�RI�WKH�WKHRU\�RI�UHFXUVLYH��RU�FRPSXWDEOH��IXQFWLRQV��
GHYHORSHG�E\�ORJLFLDQV�PXFK�ODWHU��>�@�LV�DQ�H[SRVLWLRQ�RI�UHFXUVLYH�IXQFWLRQ�WKHRU\���
,Q�WKLV�DUWLFOH�QR�SUHYLRXV�NQRZOHGJH�RI�UHFXUVLYH�IXQFWLRQ�WKHRU\�LV�DVVXPHG��7KH�
OLWWOH�WKDW�LV�QHHGHG�LV�GHYHORSHG�LQ�WKH�DUWLFOH�LWVHOI��

:KDW�ZLOO�EH�SURYHG�LQ�WKH�ERG\�RI�WKLV�DUWLFOH�LV�WKDW�QR�DOJRULWKP�H[LVWV�IRU�
WHVWLQJ�D�SRO\QRPLDO�ZLWK�LQWHJHU�FRHIILFLHQWV�WR�GHWHUPLQH�ZKHWKHU�RU�QRW�LW�KDV�
SRVLWLYH�LQWHJHU�VROXWLRQV��+LOEHUW�LQTXLUHG�DERXW�DUELWUDU\�LQWHJHU�VROXWLRQV���%XW�
WKHQ�LW�ZLOO�IROORZ�DW�RQFH�WKDW�WKHUH�FDQ�EH�QR�DOJRULWKP�IRU�LQWHJHU�VROXWLRQV�
HLWKHU��)RU�RQH�FRXOG�WHVW�WKH�HTXDWLRQ�

3�;O�� 
;Q�� �
2�

IRU�SRVVHVVLRQ�RI�SRVLWLYH�VROXWLRQV��[����[�!�E\�WHVWLQJ�

3�����S���� T����U����V������� �S�
���T�� �� UQ��� 6��� ���

IRU�SRVVHVVLRQ�RI�LQWHJHU�VROXWLRQV��S���T���U��V���V� ��3Q�TQ�UQ��6Q!��7KLV�LV�EHFDXVH��E\�
D�ZHOO�NQRZQ�WKHRUHP�RI�/DJUDQJH��HYHU\�QRQ�QHJDWLYH�LQWHJHU�LV�WKH�VXP�RI�IRXU�
VTXDUHV���-XVW�WKLV�RQFH�WKH�VWDWHG�SUHUHTXLVLWH�LV�H[FHHGHG��&I��>��@��S��������,Q�WKH�
ERG\�RI�WKLV�DUWLFOH��RQO\�SRVLWLYH�LQWHJHUV�ZLOO�EH�GHDOW�ZLWK�H[FHSW�ZKHQ�WKH�
FRQWUDU\�LV�H[SOLFLWO\�VWDWHG��

:KHQ�0DWL\DVHYLF�DQQRXQFHG�KLV�EHDXWLIXO�DQG�LQJHQLRXV�VROXWLRQ�LQ�-DQXDU\�
������LW�KDG�EHHQ�NQRZQ�IRU�D�GHFDGH�WKDW�WKH�XQVROYDELOLW\�RI�+LOEHUW
V�WHQWK�SUREOHP�
ZRXOG�IROORZ�LI�RQH�FRXOG�FRQVWUXFW�D�'LRSKDQWLQH�HTXDWLRQ�ZKRVH�VROXWLRQV�ZHUH�
VXFK�WKDW�RQH�RI�LWV�FRPSRQHQWV�JUHZ�URXJKO\�H[SRQHQWLDOO\�ZLWK�DQRWKHU�RI�LWV�
FRPSRQHQWV���,Q�"���WKLV�LV�H[SODLQHG�PRUH�SUHFLVHO\���0DWL\DVHYLF�VKRZHG�KRZ�WKH�
)LERQDFFL�QXPEHUV�FRXOG�EH�XVHG�WR�FRQVWUXFW�VXFK�DQ�HTXDWLRQ��,Q�WKLV�DUWLFOH�WKH�
KLVWRULFDO�GHYHORSPHQW�RI�WKH�VXEMHFW�ZLOO�QRW�EH�IROORZHG��WKH�DLP�KDV�UDWKHU�EHHQ�WR�
JLYH�DV�VPRRWK�DQG�VWUDLJKWIRUZDUG�DQ�DFFRXQW�RI�WKH�PDLQ�UHVXOWV�DV�VHHPV�FXUUHQWO\�
IHDVLEOH��$�EULHI�DSSHQGL[�JLYHV�WKH�KLVWRU\��

���'LRSKDQWLQH�6HWV��,Q�WKLV�DUWLFOH�WKH�XVXDO�SUREOHP�RI�'LRSKDQWLQH�HTXDWLRQV�
ZLOO�EH�LQYHUWHG��,QVWHDG�RI�EHLQJ�JLYHQ�DQ�HTXDWLRQ�DQG�VHHNLQJ�LWV�VROXWLRQV��RQH�
ZLOO�EHJLQ�ZLWK�WKH�VHW�RI��VROXWLRQV��DQG�VHHN�D�FRUUHVSRQGLQJ�'LRSKDQWLQH�HTXDWLRQ��
0RUH�SUHFLVHO\��

'(),1,7,21�� $�VHW�6�RI�RUGHUHG�Q�WXSOHV�RI�SRVLWLYH�LQWHJHUV�LV�FDOOHG�'LRSKDQWLQH�
LI�WKHUH�LV�D�SRO\QRPLDO�3�[O��������[Q\��� ��� <P���ZKHUH�P�"����ZLWK�LQWHJHU�FRHIILFLHQWV�
VXFK�WKDW�D�JLYHQ�Q�WXSOH��[������[Q!�EHORQJV�WR�6�LI�DQG�RQO\�LI�WKHUH�H[LVW�SRVLWLYH�
LQWHJHUV�<L���� \P�IRU�ZKLFK�
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3�;,�M��� �;Q�M�<O����V<P�� � ���

%RUURZLQJ�IURP�ORJLF�WKH�V\PEROV�����IRU��WKHUH�H[LVWV��DQG������ IRU��LI�DQG�
RQO\�LI���WKH�UHODWLRQ�EHWZHHQ�WKH�VHW�6�DQG�WKH�SRO\QRPLDO�3�FDQ�EH�ZULWWHQ�VXFFLQFWO\�
DV��

�;,�� ��V;Q!�(�6���\MM���<P��>3�[MM���V;QL�<�L����� <P�� �2"@V�

RU�HTXLYDOHQWO\��

6� � ^�[O� ;Q��!� _����\�� ��<P��>3�[O� ��;�QV<OT�����<P���"@`��

1RWH�WKDW�3�PD\��DQG�LQ�QRQ�WULYLDO�FDVHV�DOZD\V�ZLOO��KDYH�QHJDWLYH�FRHIILFLHQWV��
7KH�ZRUG��SRO\QRPLDO��VKRXOG�DOZD\V�EH�VR�FRQVWUXHG�LQ�WKH�DUWLFOH�H[FHSW�ZKHUH�
WKH�FRQWUDU\�LV�H[SOLFLWO\�VWDWHG��$OVR�DOO�QXPEHUV�LQ�WKLV�DUWLFOH�DUH�SRVLWLYH�LQWHJHUV�
XQOHVV�WKH�FRQWUDU\�LV�VWDWHG��

7KH�PDLQ�TXHVWLRQ�ZKLFK�ZLOO�EH�GLVFXVVHG��DQG�VHWWOHG��LQ�WKLV�DUWLFOH�LV��
:KLFK�VHWV�DUH�'LRSKDQWLQH"�$�YDJXH�SDUDSKUDVH�RI�WKH�HYHQWXDO�DQVZHU�LV��DQ\�

VHW�ZKLFK�FRXOG�SRVVLEO\�EH�'LRSKDQWLQH�LV�'LRSKDQWLQH��:KDW�GRHV�WKH�SKUDVH�
�ZKLFK�FRXOG�SRVVLEO\�EH�'LRSKDQWLQH��PHDQ"�$QG�KRZ�LV�DOO�WKLV�UHODWHG�WR�+LOEHUW
V�
WHQWK�SUREOHP"�7KHVH�TXLWH�UHDVRQDEOH�TXHVWLRQV�ZLOO�RQO\�EH�DQVZHUHG�PXFK�ODWHU��
,Q�WKH�PHDQWLPH��WKH�WDVN�ZLOO�EH�GHYHORSLQJ�WHFKQLTXHV�IRU�VKRZLQJ�WKDW�YDULRXV�VHWV�
DUH�LQGHHG�'LRSKDQWLQH��

$�IHZ�YHU\�VLPSOH�H[DPSOHV��
�L��WKH�QXPEHUV�ZKLFK�DUH�QRW�SRZHUV�RI����

[H6����� \�]�>[�  �\��]�����@��

�LL��WKH�FRPSRVLWH�QXPEHUV��

[H6�6��\�]�� >[� ��\������]�����@��

�LLL��WKH�RUGHULQJ�UHODWLRQ�RQ�WKH�SRVLWLYH�LQWHJHUV��WKDW�LV�WKH�VHWV�̂�[��\!�[���\`��
^�[�\!� ,[�B\`��

[��� \� ��� ]���[���]� �\���

[��J\���]�� �[��]�� ,� \���

�LY��WKH�GLYLVLELOLW\�UHODWLRQ��WKDW�LV�̂�[��\!�,�[�,�\`��
[M� \����� ]�� �[]�  � \���

([DPSOHV��L��DQG��LL��VXJJHVW��DV�RWKHU�VHWV�WR�FRQVLGHU��WKH�VHW�RI�SRZHUV�RI���DQG�
RI�SULPHV�UHVSHFWLYHO\��$V�ZH�VKDOO�HYHQWXDOO\�VHH��WKHVH�VHWV�DUH�'LRSKDQWLQH��EXW�WKH�
SURRI�LV�QRW�DW�DOO�HDV\��

$QRWKHU�H[DPSOH��
�Y��WKH�VHW�:�RI��[��\��]!�IRU�ZKLFK�[M�\�DQG�[���]��+HUH�

[O�\����X�� �\� � [X��DQG�[��]����Y�� �]� � [��� Y���
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+HQFH��

�[��\��]!�(�:� ���LW��Y��>�\�[X��� ���]�[�Y���  �2@��

1RWH�WKDW�WKH�WHFKQLTXH�MXVW�XVHG�LV�SHUIHFWO\�JHQHUDO��6R��LQ�GHILQLQJ�D�'LRSKDQWLQH�
VHW�RQH�PD\�XVH�D�VLPXOWDQHRXV�V\VWHP�3�� � 2��3�� � ����3N�  � ��RI�SRO\QRPLDO�
HTXDWLRQV�VLQFH�WKLV�V\VWHP�FDQ�EH�UHSODFHG�E\�WKH�HTXLYDOHQW�VLQJOH�HTXDWLRQ��

��
�N�3���3���� R��3N� �"�

%\�D��IXQFWLRQ��D�SRVLWLYH�LQWHJHU�YDOXHG�IXQFWLRQ�RI�RQH�RU�PRUH�SRVLWLYH�LQWHJHU�
DUJXPHQWV�ZLOO�DOZD\V�EH�XQGHUVWRRG��

'(),1,7,21��$�IXQFWLRQ�I�RI�Q�DUJXPHQWV�LV�FDOOHG�'LRSKDQWLQH�LI�

^�;,�� ���
[Q�<!O� \� I�[L�� ��

�[;��

LV�D�'LRSKDQWLQH�VHW���L�H���I�LV�'LRSKDQWLQH�LI�LWV��JUDSK��LV�'LRSKDQWLQH���
$QRWKHU�TXHVWLRQ�WKDW�ZLOO�EH�DQVZHUHG�KHUH�LV��ZKLFK�IXQFWLRQV�DUH�'LRSKDQWLQH"�
$Q�LPSRUWDQW�'LRSKDQWLQH�IXQFWLRQ�LV�DVVRFLDWHG�ZLWK�WKH�WULDQJXODU�QXPEHUV��

WKDW�LV�QXPEHUV�RI�WKH�IRUP��

7�Q�� ������������Q� �� �Q������
��

6LQFH�7�Q��LV�DQ�LQFUHDVLQJ�IXQFWLRQ��IRU�HDFK�SRVLWLYH�LQWHJHU�]��WKHUH�LV�D�XQLTXH�
Q�"���VXFK�WKDW�

7�Q����]��� 7�Q������ �7�Q���Q�� ���

+HQFH�HDFK�]�LV�XQLTXHO\�UHSUHVHQWDEOH�DV��

] 7�Q��\�� \�Q����

RU�HTXLYDOHQWO\��XQLTXHO\�UHSUHVHQWDEOH�DV��

]� �7�[���\����� ��\��

,Q�WKLV�FDVH��RQH�ZULWHV�[� �/�]��� \� �5�]��� DOVR�RQH�VHWV�

3�[�\��  � 7�[� ��\����� �� \��� ���

1RWH�WKDW�/�]���5�]��DQG�3�[��\��DUH�'LRSKDQWLQH�IXQFWLRQV�VLQFH�

]� �3�[�\�� �] �[�\����[�\�����\�

[�  � /�]�� ��\�>�] �[�\����[�\�����\@�

\� �5�]�� ��[��>�]�  ��[���\���� �[���\���� ���\@��

7KH�IXQFWLRQ�3�[��\��PDSV�WKH�VHW�RI�RUGHUHG�SDLUV�RI�SRVLWLYH�LQWHJHUV�RQH�RQH�
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RQWR�WKH�VHW�RI�SRVLWLYH�LQWHJHUV��$QG��IRU�HDFK�]��WKH�RUGHUHG�SDLU�ZKLFK�LV�PDSSHG�LQWR�
]�E\�3�[��\��LV��/�]���5�]������3�� LV�IRU��SDLU����/��IRU��OHIW���DQG��5��IRU��ULJKW����
1RWH�DOVR�WKDW�/�]����]��5�]����]��7R�VXPPDUL]H��

7+(25(0������3DLULQJ�)XQFWLRQ�7KHRUHP
���7KHUH�DUH�'LRSKDQWLQH�IXQFWLRQV�
3�[�\���/�]���5�]�� VXFK�WKDW�

����IRU�DOO�[��\��/�3�[�\��� �[��5�3�[�\��� �\��DQG�
����IRU�DOO�]��3�/�]��5�]���  �]��/�]����]��5�]��"�]��
$QRWKHU�XVHIXO�'LRSKDQWLQH�IXQFWLRQ�LV�UHODWHG�WR�WKH�&KLQHVH�5HPDLQGHU�7KHRUHP��

VWDWHG�EHORZ��

'(),1,7,21��7KH�QXPEHUV�POQ��� P1�DUH�FDOOHG�DQ�DGPLVVLEOH�VHTXHQFH�RI�PRGXOL�
LI�L���M� LPSOLHV�WKDW�PL�DQG�PM�DUH�UHODWLYHO\�SULPH��

7+(25(0������&KLQHVH�5HPDLQGHU�7KHRUHP���/HW�D��� �D1�EH�DQ\�SRVLWLYH�
LQWHJHUV�DQG�OHW�PO�� P1�EH�DQ�DGPLVVLEOH�VHTXHQFH�RI�PRGXOL��7KHQ�WKHUH�LV�DQ�[�
VXFK�WKDW��

[� D�� PRG�PO�

[� D�� PRG�0��

[� D1� PRG�01��

7KH�&KLQHVH�UHPDLQGHU�WKHRUHP�LV�SURYHG�IRU�H[DPSOH�LQ�>��@��S�������7KDW�[�FDQ�
EH�DVVXPHG�SRVLWLYH�LV�QRW�RUGLQDULO\�VWDWHG��%XW�VLQFH�WKH�SURGXFW�RI�WKH�PRGXOL�
DGGHG�WR�D�VROXWLRQ�JLYHV�DQRWKHU�VROXWLRQ��WKLV�LV�REYLRXV���

1RZ�OHW�WKH�IXQHWLRQ�6�L��X��EH�GHILQHG�DV�IROORZV��

6�L��X�� �Z,�

ZKHUH�Z�LV�WKH�XQLTXH�SRVLWLYH�LQWHJHU�IRU�ZKLFK��

Z�/�X�� PRG�����L5�X��

Z�������L�5�X���

+HUH�Z�LV�VLPSO\�WKH�OHDVW�SRVLWLYH�UHPDLQGHU�ZKHQ�/�X��LV�GLYLGHG�E\�����L�5�X���

7+(25(0������6HTXHQFH�1XPEHU�7KHRUHP���7KHUH�LV�D�'LRSKDQWLQH�IXQFWLRQ�
6�L��X��VXFK�WKDW�

����6�L��X����X��DQG�
����IRU�HDFK�VHTXHQFH�D����D1��WKHUH�LV�D�QXPEHU�X�VXFK�WKDW�

6�L�X�� �D��IRU����� L���1��

3URRI��7KH�ILUVW�WDVN�LV�WR�VKRZ�WKDW�6�L��X��DV�GHILQHG�MXVW�DERYH��LV�D�'LRSKDQWLQH�

This content downloaded from 129.2.56.193 on Fri, 22 Mar 2013 11:53:28 AM
All use subject to JSTOR Terms and Conditions



���� 0$57,1�'$9,6� >0DUFK�

IXQFWLRQ��7KH�FODLP�LV�WKDW�Z� 6�L��X��LI�DQG�RQO\�LI�WKH�IROORZLQJ�V\VWHP�RI�HTXDWLRQV�
KDV�D�VROXWLRQ��

�X� � �[�\����[�\�����\�

;� Z���]�����L\��

��L\� �Z�Y����

7KLV�LV�EHFDXVH��E\�WKH�GLVFXVVLRQ�OHDGLQJ�WR�WKH�3DLULQJ�)XQFWLRQ�7KHRUHP���WKH�
ILUVW�HTXDWLRQ�LV�HTXLYDOHQW�WR��

[� �/�X�� DQG�\� �5�X���

7KHQ��XVLQJ�D�WHFKQLTXH�DOUHDG\�QRWHG��RQH�QHHGV�RQO\�VXP�WKH�VTXDUHV�RI�WKH�WKUHH�
HTXDWLRQV�WR�VHH�WKDW�6�L��X��LV�'LRSKDQWLQH��

1RZ�6�L��X����/�X��"�X��6R�ILQDOO\��OHW�DO����D1�EH�JLYHQ�QXPEHUV��&KRRVH�\�WR�
EH�VRPH�QXPEHU�JUHDWHU�WKDQ�HDFK�RI�DW��� D1�DQG�GLYLVLEOH�E\�HDFK�RI���������1��
7KHQ�WKH�QXPEHUV�����\�������\��������1\�DUH�DQ�DGPLVVLEOH�VHTXHQFH�RI�PRGXOL��
�)RU��LI�GM�����L\�DQG�GI�,� �M\�� L��,�� WKHQ�GM�>M�����L\���� L����M\�@�� L�H���GL� �L�
VR�WKDW�G���1��EXW�WKLV�LV�LPSRVVLEOH�XQOHVV�G� ���EHFD�XVH�GO�\���7KLV�EHLQJ�WKH�FDVH��
WKH�&KLQHVH�5HPDLQGHU�7KHRUHP�FDQ�EH�DSSOLHG�WR�REWDLQ�D�QXPEHU�[�VXFK�WKDW�

[�� D� PRG�O�\�

[� D�� PRG�O�� �\�

[� D1� PRGO�1\��

/HW�X� 3�[�\��� VR�WKDW�[� /�X�� DQG�\� �5�X���7KHQ��IRU�L� ����� ��� 1�

D�/ ��/�X�� PRG� ����L5�X��

DQG�DL���\� �5�X���� ,���L5�X���%XW�WKHQ�E\�GHILQLWLRQ��DL� �6�L��X���
$�VWULNLQJ�FKDUDFWHUL]DWLRQ�RI�'LRSKDQWLQH�VHWV�RI�SRVLWLYH�LQWHJHUV��FI��>��@��LV�

JLYHQ�E\��

7+(25(0� �����$�VHW�6�RI�SRVLWLYH�LQWHJHUV�LV�'LRSKDQWLQH�LI�DQG� RQO\�LI�WKHUH�
LV�D�SRO\QRPLDO�3�VXFK�WKDW�6�LV�SUHFLVHO\�WKH�VHW�RISRVLWLYH�LQWHJHUV�LQ�WKH�UDQJH�RI�3��

3URRI��,I�6�LV�UHODWHG�WR�3�[���� ��[P��DV�LQ�WKH�WKHRUHP�WKHQ�

[�(��6���� [O��A����[P��>[� �S�[O� �� [P�@��

&RQYHUVHO\��OHW�

[�36�[��;���;;P�� >� 4�[�[�� ;P��7Q�� L�;6;� �

/HW�3�[��[O����[P�� �[>O� B�4��V��;,������;P��@��7KHQ��L
I�[�(��6��FKRRVH�;�����![P�VXFK�
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WKDW�4�[�[O�� �;P�� ����7KHQ�3�[��[O���
� ���[P�� �[��VR�[�LV�LQ�WKH�UDQJH�RI�3�� 2Q�WKH�
RWKHU�KDQG��LI�]� �3�[��[�� ��� ;P���]�!� ���WKHQ�4�[��[��[�,� [P��PXVW�YDQLVK��RWKHUZLVH�
��B�4��B���� VR�WKDW�]� �[�DQG�[�H6��

���7ZHQW\�IRXU�HDV\�OHPPDV��7KH�ILUVW�PDMRU�WDVN�LV�WR�SURYH�WKDW�WKH�H[SRQHQWLDO�
IXQFWLRQ�K�Q��N�� � QN�LV�'LRSKDQWLQH��7KLV�LV�WKH�KDUGHVW�WKLQJ�ZH�VKDOO�KDYH�WR�GR��
7KH�SURRI�LV�LQ�"���,Q�WKLV�VHFWLRQ�ZH�GHYHORS�WKH�PHWKRGV�ZH�VKDOO�QHHG��XVLQJ�WKH�
VR�FDOOHG�3HOO�HTXDWLRQ��

;�� �G\� ��� ;�<!2��
ZKHUH� 0��

G� D���� D�!��

$OWKRXJK�WKLV�LV�D�IDPRXV�HTXDWLRQ�ZLWK�D�FRQVLGHUDEOH�OLWHUDWXUH���D�VHOI�FRQWDLQHG�
WUHDWPHQW�LV�JLYHQ��1RWH�WKH�REYLRXV�VROXWLRQV�WR�����

[ � �� \ ��

[ D� \ O��

/(00$������7KHUH�DUH�QR�LQWHJHUV�[���\��SRVLWLYH��QHJDWLYH��RU�]HUR��ZKLFK�VDWLVI\�
��IRU�ZKLFK����[�\OG�� D��,G��

3URRI��/HW�[��\�VDWLVI\����� 6LQFH�

�� ��D���9G��D�1G��  � �[���\G��[�\I\G���

WKH�LQHTXDOLW\�LPSOLHV��WDNLQJ�QHJDWLYH�UHFLSURFDOV����� �� �� [���\OG� �� �� D���,G��
$GGLQJ�WKH�LQHTXDOLWLHV�������\�,�G�����,�G��L�H�������\��� ���D�FRQWUDGLFWLRQ��

/(00$������ /HW�[�\�DQG�[
�\
� EH�LQWHJHUV��SRVLWLYH��QHJDWLYH��RU�]HUR�ZKLFK�
VDWLVI\�����/HW�

;����<� �[���\9�� �[
���\
�9G���

7KHQ��[��\��VDWLVILHV��N���

3URRI��7DNLQJ�FRQMXJDWHV��[���� \�,G� ��[��� \�,G���[
��� \
�,G��� 0XOWLSO\LQJ�
JLYHV��

�[������ G�\���� � �[�� �� G\��� ��;
��� �� G�\
����  � ���

'(),1,7,21�� [Q�D��� \��D��DUH�GHILQHG�IRU�Q�!����D�!����E\�VHWWLQJ�

[Q�D����\Q�D��G� ��D���9G�Q��

:KHUH�WKH�FRQWH[W�SHUPLWV��WKH�GHSHQGHQFH�RQ�D�LV�QRW�H[SOLFLWO\�VKRZQ��ZULWLQJ�
;Q/��V<Q��

/(00$������ [Q��<Q� VDWL
VI\����
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3URRI��7KLV�IROORZV�DW�RQFH�E\�LQGXFWLRQ�XVLQJ�/HPPD������

/(00$������/HW�[��\�EH�D�QRQ�QHJDWLYH�VROXWLRQ�RI�����7KHQ�IRU�VRPH�Q��[� �[Q��
<� <Q��

3URRI��7R�EHJLQ�ZLWK�[���\9G� !����2M�WKH�RWKHU�KDQG�WKH�VHTXHQFH��D���,�
LQFUHDVHV�WR�LQILQLW\��+HQFH�IRU�VRPH�Q�!��2�

�D��� �G���"�[���\O�G��� �D����\G<
��

,I�WKHUH�LV�HTXDOLW\��WKH�UHVXOW�LV�SURYHG��VR�VXSSRVH�RWKHUZLVH��

;Q��� <Q�IGL��� [���\9�G��� �[Q��� <Q��G���D� ��9�G���

6LQFH��[Q���\Q�9�G���[Q���\Q�-G�� ����WKH�QXPEHU�[Q���\Q��G�LV�SRVLWLYH��+�HQFH��
�����[���\OG�� �;Q��<Q�\�G�� �� D���!�G��%XW�WKLV�FRQWUDGLFWV�/HPPDV�����DQG������

7KH�GHILQLQJ�UHODWLRQ��

;Q���<Q��,G�  � �D���!G���

LV�D�IRUPDO�DQDORJXH�RI�WKH�IDPLOLDU�IRUPXOD��

�FRV�X�����VLQX�\���� �� � HL8� ��FRV������VLQ������� ��X��
ZLWK�[Q�SOD\LQJ�WKH�UROH�RI�FRV��<Q�SOD\LQJ�WKH�UROH�RI�VLQ�DQG�G�SOD\LQJ�WKH�UROH�RI�����
7KXV��WKH�IDPLOLDU�WULJRQRPHWULF�LGHQWLWLHV�KDYH�DQDORJXHV�LQ�ZKLFK����LV�UHSODFHG�
E\�G�DW�DSSURSULDWH�SODFHV��)RU�H[DPSOH�WKH�3HOO�HTXDWLRQ�LWVHOI�

[�� G<�� � ��

LV�MXVW�WKH�DQDORJXH�RI�WKH�3\WKDJRUHDQ�LGHQWLW\��1H[W�DQDORJXHV�RI�WKH�IDPLOLDU�
DGGLWLRQ�IRUPXODV�DUH�REWDLQHG��

/(00$������ [P"Q� � ;P;Q�"�G<Q\P�DQG�<P"Q� � ;Q<P�"� ;P<Q��

3URRI��

;P�Q��<P�QY-G�  � �D� �� 9G�P�Q�

 � �;P��� <P�9�G���;L��� <Q�!�G��

�� �;P[Q��� G<Q<P���� �;Q<P��� ;P<Q��,G��
+HQFH��

;P�Q� � ;P;Q��� G<Q<P�

<P�Q� � ;Q<P��� ;P<Q��

6LPLODUO\���;P�Q���<P�Q�,G�� �;Q���<Q,G��  �;P���\P��G��6R�

;PBQ��� <P�QQ�G� � �;P��� \P���G���[Q� G���

DQG�RQH�SURFHHGV��DV�DERYH��
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/(00$������<P"L� �D�<P�"�;P��DQG�[P�"�� �D[����G\P��

3URRI��7DNH�Q� ���LQ�/HPPD������
7KH�IDPLOLDU�QRWDWLRQ��[��\��LV�XVHG�WR�V\PEROL]H�WKH�J�F�G��RI�[�DQG�\��

/(00$�������[���\5�� � ���

3URRI��,IG,[� DQG�GM<Q��WKHQ�GI[���G\�� L�H���GM���

/(00$� �����<Q-�<QN�

3URRI��7KLV�LV�REYLRXV�ZKHQ�N� ����3URFHHGLQJ�E\�LQGXFWLRQ��XVLQJ�WKH�DGGLWLRQ�
IRUPXOD��/HPPD�������

<Q�P���� � ;Q<QP��� ;QP<Q�

%\�WKH�LQGXFWLRQ�K\SRWKHVLV�<Q�M�<QP��+HQFH��<Q�,�<Q�P������

/(00$������<Q_,�<W�LI�DQG�RQO\�LI�Q�M�W��

3URRI��/HPPD�����JLYHV�WKH�LPSOLFDWLRQ�LQ�RQH�GLUHFWLRQ��)RU�WKH�FRQYHUVH�
VXSSRVH�<QM�<W�EXW�QWW��6R�RQH�FDQ�ZULWH�W� �QT���U������U���Q��7KHQ��

<W� �;U<QT���;QT<U��

6LQFH��E\�/HPPD������\Q�M�<QT��LW�IROORZV�WKDW�<Q�-�;QT<U��%XW��\Q�[QT�� �����,I�GI�<Q��
G�;QT��WKHQ�E\�/HPPD�����GI�<QT�ZKLFK��E\�/HPPD������LPSOLHV�G� �����+HQFH�\Q�M�<U��
%XW��VLQFH�U��� Q��ZH�KDYH�<U��� <Q��H�J���E\�/HPPD�������7KLV�LV�D�FRQWUDGLFWLRQ��

/(00$������� <QN� N�[\Q� PRG��\0�����

3URRI��

;QN���<��N�9�G� �D� �� ,G\N�

 � �;Q���<Q�4G�N�

":�
�� [�N��L\� -GM���

M � Q-�
Q�

6R��

N�

<QN� � M��-[N\GMK�K����
M�RGG�

%XW�DOO�WHUPV�RI�WKLV�H[SDQVLRQ�IRU�ZKLFK�@!� ,�DUH� ��2�PRG��\5����

/(00$���������<Q�,�<Q<Q�

3URRI��6HW�N� �<5�LQ�/HPPD�������

/(00$�������,I�<Q�,�<I��WKHQ�<Q�W��
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3URRI��%\�/HPPD������Q�,�W��6HW�W� �QN��8VLQJ�/HPPD�������\��N�[Q��\���L�H���
\Q�,�N[
�����%XW�E\�/HPPD�������<Q��;Q�� ����62��<Q�N�DQG�KHQFH�<Q�,�W��

/(00$�������[Q��  ��D[Q��[QB� DQG�<Q��,� ��D\Q�\Q��

3URRI��%\�/HPPD������

;Q��  �D[Q���G\Q�� <QO�� �D<Q���;Q�

;Q�  � D;Q��� G\Q�� <Q��� � D<Q��� ;Q��

6R��;Q��-U�;Q�,� ��D[Z� <Q�O���<Q�O� ��D\Q��

7KHVH�VHFRQG�RUGHU�GLIIHUHQFH�HTXDWLRQV��WRJHWKHU�ZLWK�WKH�LQLWLDO�YDOXHV�[R� ����
[�� �D��<R� ����<L� ����GHWHUPLQH�WKH�YDOXHV�RI�DOO�WKH�;Q��<Q��9DULRXV�SURSHUWLHV�RI�
WKHVH�VHTXHQFHV�DUH�HDVLO\�HVWDEOLVKHG�E\�FKHFNLQJ�WKHP�IRU�Q� ������DQG�XVLQJ�WKHVH�
GLIIHUHQFH�HTXDWLRQV�WR�VKRZ�WKDW�WKH�SURSHUW\�IRU�Q�����FDQ�EH�LQIHUUHG�IURP�LWV�
KROGLQJ�IRU�Q�DQG�Q��� ���6RPH�VLPSOH��EXW�LPSRUWDQW��H[DPSOHV�IROORZ��

/(00$�������\Q��Q� PRG�D��� ���

3URRI��)RU�Q� �����HTXDOLW\�KROGV��3URFHHGLQJ�LQGXFWLYHO\��XVLQJ�D����� PRG�
D����

<Q���� �D\Q�<Q�\�

�Q��Q���� PRG�D����

/(00$�������,I�D�B�E�PRG�F��WKHQ�IRU�DOO�Q��

[Q�D��[��E��� \Q�D��\M�E�� PRG�F��

3URRI��$JDLQ�IRU�Q� ������WKH�FRQJUXHQFH�LV�DQ�HTXDOLW\��3URFHHGLQJ�E\�LQGXFWLRQ��

\Q���D��  � �D\��D�� �� \O��D��

�� �E\��E��\�����E�� PRG�F�

 � ������,O�E���

/(00$�������:KHQ�Q�LV�HYHQ�\���LV�HYHQ�DQG�ZKHQ�Q�LV�RGG�\��LV�RGG��

3URRI�<Q���  � �D<Q<Q���,� <Q����� PRG����6R�ZKHQ�Q�LV�HYHQ��<Q� <R� ���PRG����
DQG�ZKHQ�Q�LV�RGG��<Q�<L� ���PRG����

/(00$�������[Q�D���� \Q�D��D��� \�� <��PRG��D\�B�\��B� ���

3URRI��[R��� \R�D��� \�� ���DQG�[O��� \O�D��� \�� �\��VR�WKH�UHVXOW�KROGV�IRU�Q�� ���
DQG����8VLQJ�/HPPD������DQG�SURFHHGLQJ�E\�LQGXFWLRQ��

;Q�� ��<Q��D� �� \��  � �D>;Q� �� \Q�D� �� <�@� �� >;Q�� <Q���D� �� \�@�

 � �D\Q� B�\Q�,�
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 � \�Q,��D\����

 � \Q�,� \��

\Q���

/(00$�������)RU�DOO�Q��<Q���!� <Q�B�Q��

3URRI��%\�/HPPD������<Q���!� <Q��6LQFH�\R� � ��!� ���LW�IROORZV�E\�LQGXFWLRQ�WKDW�
\Q�!� Q�IRU�DOO�Q��

/(00$�������)RU�DOO�Q��[Q���D��!�[��D��!� DQ�� [Q�D���� ��D����

3URRI�� %\�/HPPDV� ����DQG� ����� D�[��D�� �� [Q�����D�� �� ��D�[Q�D��� 7KH� UHVXOW� IROORZV�

E\� LQGXFWLRQ��

1H[W� VRPH� SHULRGLFLW\� SURSHUWLHV� RI�WKH�VHTXHQFH� ;N�DUH� REWDLQHG��

/(00$�������;���Q �� [M�PRG�[Q��

3URRI��%\�WKH�DGGLWLRQ�IRUPXODV��/HPPD������

;�Q� M�  � ;Q[Q� M� �� G<Q<Q� M�

�� G<Q�<Q;L�";Q<L�� PRG�[Q�

�� G\��[M� PRG� [Q�

 � �[��� B�[M�

�� �� [�� PRG� [Q��

/(00$�������;���-� [�� PRG�
[Q��

3URRI�� %\�/HPPD������

[�Q�M� �;�Q�� LM[;� PRG� [Q��

/(00$�������/HW�[L�� [M�PRG�[Q��L�-��Q�� Q�!���� 7KHQ�L M�� XQOHVV�D� ���
Q ��� L �� DQG�M ���

3URRI�� )LUVW� VXSSRVH� [Q�LV� RGG� DQG� OHW� T� � �[Q��� ������ 7KHQ� WKH� QXPEHUV�
�T�� �T���� �T���� ��� ����� ����� ��T������T�DUH�D�FRPSOHWH�VHW�RI�PXWXDOO\�
LQFRQJUXHQW� UHVLGXHV� PRGXOR� [Q��1RZ� E\�/HPPD� ������

�� [R� �� ;� ������ �[Q����

8VLQJ� /HPPD� �����[� ��,���� [Q�OD� �� L�[Q��VR�[Q�B���� T��$OVR� E\�/HPPD� ������ WKH�QXPEHUV�

;Q���;Q�������;�Q���;�Q�

DUH� FRQJUXHQW� PRGXOR� [Q�UHVSHFWLYHO\� WR��
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7KXV�WKH�QXPEHUV�[���[���[�������[��DUH�PXWXDOO\�LQFRQJUXHQW�PRGXOR�[Q��7KLV�JLYHV�
WKH�UHVXOW��

1H[W�VXSSRVH�[Q�LV�HYHQ�DQG�OHW�T� � [Q����,Q�WKLV�FDVH��LW�LV�WKH�QXPEHUV�

�� T����� ��T����� ���� �� ���2��������aT��� ���T�

ZKLFK�DUH�D�FRPSOHWH�VHW�RI�PXWXDOO\�LQFRQJUXHQW�UHVLGXHV�PRGXOR�[����)RU���� T� �T�
PRG�[Q���$V�DERYH��[Q�� �� T��6R�WKH�UHVXOW�ZLOO�IROORZ�DV�DERYH��XQOHVV�[Q���  � T�
 �[�����VR�WKDW�[��� ��T� PRG�[���LQ�ZKLFK�FDVH� L� �Q����  Q� ����ZRXOG�
FRQWUDGLFW�RXU�UHVXOW��%XW��E\�/HPPD������

[Q � D[QBO�� G<Q�����

VR�WKDW�[Q� ��[QB��LPSOLHV�D� ���DQG�\Q�L� ����L�H���Q� ����6R�WKH�UHVXOW�FDQ�IDLO�RQO\�
IRU�D� ��� Q� ���DQG�L� ���M� ���

/(00$�������/HW� [M� [L� PRG�[Q�� Q�!� 2��2�� L���Q��2���M����Q�� WKHQ�HLWKHU�
M � L�RU�M� �Q�L��

3URRI��)LUVW�VXSSRVH�M����Q��7KHQ�E\�/HPPD������� L� � D�XQOHVV�WKH�H[FHSWLRQDO�
FDVH�RFFXUV��6LQFH�L�!����WKLV�FDQ�RQO\�KDSSHQ�LI�M� ����%XW�WKHQ�

L� ���!� �� �Q��

2WKHUZLVH��OHW�M�!��Q�DQG�VHW�M� ��Q��M� VR����� M����Q��%\�/HPPD�������;�B�;M�
�[L� PRG�[Q��$JDLQ�M� � L�XQOHVV�WKH�H[FHSWLRQDO�FDVH�RI�/HPPD������RFFXUV��%XW�WKLV�
ODVW�LV�RXW�RI�WKH�TXHVWLRQ�EHFDXVH�L��M�!����

/(00$�������,I�2���L���Q�DQG�[M� [L�PRG�[Q��WKHQM� �L� PRG��Q��

3URRI��:ULWH@� ��QT��� M����B�M����Q��%\�/HPPD�������

;B;MB;�� PRG�[Q��

%\�/HPPD�����L � M�RU�L� � �Q��� M��6R��@V� M�� �L�PRG��Q��

���7KH�H[SRQHQWLDO�IXQFWLRQ��&RQVLGHU�WKH�V\VWHP�RI�'LRSKDQWLQH�HTXDWLRQV��

�,�� [���� �D����\�� ���

�,,�� X���� �D����Y��  ���

�,,,�� V�� �� �E����W��  ���

�,9�� Y�  � U\��

�9�� E�  � ���S\ D�TX�

�9,�� V�  � [�FX�

�9,,�� W�  � N�����G���\�
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TXHQFH�3L�KDV�EHHQ�FRQVWUXFWHG��LW�LV�VHHQ�WKDW�WKH�VHTXHQFH�RI�VHWV��

',�������'���'����

LQFOXGHV�DOO�'LRSKDQWLQH�VHWV��0RUHRYHU��

7+(25(0������8QLYHUVDOLW\�7KHRUHP����

^�Q��[!�,�[� 'Q`�LV�'LRSKDQWLQH��
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3URRI��2QFH�DJDLQ�XVLQJ�WKH�VHTXHQFH�QXPEHU�WKHRUHP��LW�LV�FODLPHG�WKDW��

[�H�'Q����X��^6����X�� ���	�6����X�� �[�

	��9L���>6��L��X�� �6�/�L���X����6�5�L���X�@�

	�9L�VQ>6��L� ����X�� �6�/�L���X�� 6�5�L���X�@�

	�6�/�Q���X�� �6�5�Q���X�`��

,W�LV�FOHDU�HQRXJK�WKDW�WKH�SUHGLFDWH�RQ�WKH�ULJKW�KDQG�VLGH�RI�WKLV�HTXLYDOHQFH�LV�
'LRSKDQWLQH��VR�LW�LV�RQO\�QHFHVVDU\�WR�YHULI\�WKH�FODLP��

/HW�[�(�'Q�IRU�JLYHQ�[��Q�� 7KHQ�WKHUH�DUH�QXPEHUV�W������WQ� VXFK�WKDW�
3/�Q�� �;��WO�� ��WQ�� � 4/�Q�� �;��WO�� ���� WD���&KRRVH�X��E\�WKH�VHTXHQFH�QXPEHU�WKHRUHP��
VR�WKDW�

��� aaaa626��X�� 3M�[���W��,� ����WQ��� M�  � ��� �Q��� ���

7KHQ�LQ�SDUWLFXODU�6����X�� � [�DQG�6��L��� ���X�� �WL����L� ������ �Q������7KXV�WKH�
ULJKW�KDQG�VLGH�RI�WKH�HTXLYDOHQFH�LV�WUXH��

&RQYHUVHO\��OHW�WKH�ULJKW�KDQG�VLGH�KROG�IRU�JLYHQ�Q��[��6HW�

W�� �6����X���W�� � 6����X���������W� �6��Q������X���

7KHQ�����PXVW�EH�WUXH��6LQFH�6�/�Q���X�� �6�5�Q���X���LW�PXVW�EH�WKH�FDVH�WKDW�

3/�Q��;��W���V�WQ�� � S5�Q��;���W�,� ��
WQ���

VR�WKDW�[�(�'Q�
6LQFH�',��'���'����
�� JLYHV�DQ�HQXPHUDWLRQ�RI�DOO�'LRSKDQWLQH�VHWV��LW�LV�HDV\�WR�

FRQVWUXFW�D�VHW�GLIIHUHQW�IURP�DOO�RI�WKHP�DQG�KHQFH�QRQ�'LRSKDQWLQH��7KDW�LV��GHILQH��

Y� � ^Q�I�Q�'QO`�
7+(25(0������9�LV�QRW�'LRSKDQWLQH��

3URRI��7KLV�LV�D� VLPSOH�DSSOLFDWLRQ�RI�&DQWRU
V�GLDJRQDO�PHWKRG��,I�9�ZHUH�
'LRSKDQWLQH��WKHQ�IRU�VRPH�IL[HG�L��9� � 'L��'RHV�L�(�9"�:H�KDYH��

L�F��9�!L� F�'L�� L�H��9� L���'L��

7KLV�LV�D�FRQWUDGLFWLRQ��

7+(25(0������7KHIXQFWLRQ�J�Q�[��GHILQHG�E\��

J�Q�[� �� LI�[T�'Q��

J�Q�[� �� LI� [H'Q��

LV�QRW�UHFXUVLYH��

3URRI��,I�J�ZHUH�UHFXUVLYH�WKHQ�LW�ZRXOG�EH�'LRSKDQWLQH��7KHRUHP�������VD\��

This content downloaded from 129.2.56.193 on Fri, 22 Mar 2013 11:53:28 AM
All use subject to JSTOR Terms and Conditions



���� 0$57,1�'$9,6� >0DUFK�

\� �J�Q��[����\�����<P��>3�Q��[\�\O�<�<��<P�� �"@�

%XW�WKHQ��LW�ZRXOG�IROORZ�WKDW�

9� ^[�,���\�������<P��>3�[��[�����<OO������<P�� �"@`�
ZKLFK�FRQWUDGLFWV�7KHRUHP������

8VLQJ�7KHRUHP������ZULWH��
;�F��'Q���]O� ��
� =N�� >3�Q��[��]�� =N���  � 2@��

ZKHUH�3�LV�VRPH�GHILQLWH��WKRXJK�FRPSOLFDWHG��SRO\QRPLDO��6XSSRVH�WKHUH�ZHUH�DQ�
DOJRULWKP�IRU�WHVWLQJ�'LRSKDQWLQH�HTXDWLRQV�IRU�SRVVHVVLRQ�RI�SRVLWLYH�LQWHJHU�
VROXWLRQV��L�H���DQ�DOJRULWKP�IRU�+LOEHUW
V�WHQWK�SUREOHP��7KHQ�IRU�JLYHQ�Q��[�WKLV�
DOJRULWKP�FRXOG�EH�XVHG�WR�WHVW�ZKHWKHU�RU�QRW�WKH�HTXDWLRQ�

3�Q��[��=,���� ]�=N�� �

KDV�D�VROXWLRQ��L�H���ZKHWKHU�RU�QRW�[�(�'Q�� 7KXV�WKH�DOJRULWKP�FRXOG�EH�XVHG�WR�
FRPSXWH�WKH�IXQFWLRQ�J�Q��[���6LQFH�WKH�UHFXUVLYH�IXQFWLRQV�DUH�MXVW�WKRVH�IRU�ZKLFK�D�
FRPSXWLQJ�DOJRULWKP�H[LVWV��J�ZRXOG�KDYH�WR�EH�UHFXUVLYH��7KLV�ZRXOG�FRQWUDGLFW�
7KHRUHP������DQG�WKLV�FRQWUDGLFWLRQ�SURYHV��

7+(25(0������+LOEHUW
V�WHQWK�SUREOHP�LV�XQVROYDEOH��

1DWXUDOO\�WKLV�UHVXOW�JLYHV�QR�LQIRUPDWLRQ�DERXW�WKH�H[LVWHQFH�RI�VROXWLRQV�IRU�
DQ\�VSHFLILF�'LRSKDQWLQH�HTXDWLRQ��LW�PHUHO\�JXDUDQWHHV�WKDW�WKHUH�LV�QR�VLQJOH�
DOJRULWKP�IRU�WHVWLQJ�WKH�FODVV�RI�DOO�'LRSKDQWLQH�HTXDWLRQV��$OVR�QRWH�WKDW��

;� (��Y� �� ��]��� 
�=N�� >3�;�� ;��=,�� ��� =-�� � �@�

-��]� ����=2� >3�;�� ;��=�V�
����

=N��  � ��� ���,�  � �`�

�9=��� =N�� >3�;�� ;��=���� =N���� !� "�

9� 3�[�� ;��=�� ����� =N���� �@�

ZKLFK�VKRZV�WKDW�LI�HLWKHU��� RU�XQERXQGHG�XQLYHUVDO�TXDQWLILHUV��9]��RU�LPSOLFDWLRQ�
�� �� DUH�SHUPLWWHG�LQ�WKH�ODQJXDJH�RI�'LRSKDQWLQH�SUHGLFDWHV��WKHQ�QRQ�'LRSKDQWLQH�
VHWV�ZLOO�EH�SURGXFHG��

,W�LV�QDWXUDO�WR�DVVRFLDWH�ZLWK�HDFK�'LRSKDQWLQH�VHW�D�GLPHQVLRQ�DQG�D�GHJUHH��
L�H���WKH�GLPHQVLRQ�RI�6�LV�WKH�OHDVW�Q�IRU�ZKLFK�D�SRO\QRPLDO�3�H[LVWV�IRU�ZKLFK��

��� 6�^[O� ��\��� <Q��>3�;�<� <Q� �"@`�

DQG�WKH�GHJUHH�RI�6�LV�WKH�OHDVW�GHJUHH�RI�D�SRO\QRPLDO�3�VDWLVI\LQJ�����SHUPLWWLQJ�Q�
WR�EH�DV�ODUJH�DV�RQH�OLNHV���1RZ�LW�LV�HDV\�WR�VHH��

7+(25(0� �����(YHU\�'LRSKDQWLQH�VHW�KDV�GHJUHH�"� ���

3URRI�7KH�GHJUHH�RI�3�VDWLVI\LQJ����PD\�EH�UHGXFHG�E\�LQWURGXFLQJ�DGGLWLRQDO�
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YDULDEOHV�=M�VDWLVI\LQJ�HTXDWLRQV�RI�WKH�IRULP�

=L� <L<N�

]M�  � <L�]L�

=M�  � ;<L�

]M�  � [�

%\�VXFFHVVLYH�VXEVWLWXWLRQV�RI�WKH�]M
V�LQWR�3�LWV�GHJUHH�FDQ�EH�EURXJKW�GRZQ�WR����
+HQFH�WKH�HTXDWLRQ�LV�HTXLYDOHQW�WR�D�V\VWHP�RI�VLPXOWDQHRXV�HTXDWLRQV�HDFK�RI�
GHJUHH����6XPPLQJ�WKH�VTXDUHV�JLYHV�DQ�HTXDWLRQ�RI�GHJUHH����

$�OHVV�WULYLDO��DQG�PRUH�VXUSULVLQJ��IDFW�LV��

7+(25(0������7KHUH�LV� DQ� LQWHJHU�P�VXFK�WKDW�HYHU\�'LRSKDQWLQH�VHW�KDV�
GLPHQVLRQ��� P��

3URRI��:ULWH�

'Q� �^[O���<�,���� <P��>3�[� Q��\O�����,<P�� ��@`V�

ZKLFK�LV�SRVVLEOH�E\�WKH�XQLYHUVDOLW\�WKHRUHP��7KHQ�WKH�GLPHQVLRQ�RI�'Q�LV��P� IRU�
DOO�Q��

$Q�LQWHUHVWLQJ�H[DPSOH�LV�JLYHQ�E\�WKH�VHTXHQFH�RI�'LRSKDQWLQH�VHWV��

6T� �^;�,���\�� ��\T�� >;� � �<W��� �������<T��� ��@`��

+HUH�6��LV�WKH�VHW�RI�FRPSRVLWH�QXPEHUV��6T�LV�WKH�VHW�RI��T�IROG��FRPSRVLWH�QXPEHUV��
,W�LV�VXUHO\�VXUSULVLQJ�WKDW�LW�LV�SRVVLEOH�WR�JLYH�D�'LRSKDQWLQH�GHILQLWLRQ�RI�6T��IRU�
ODUJH�T��UHTXLULQJ�IHZHU�WKDQ�T�SDUDPHWHUV��FI��>��@���

+RZ�ODUJH�LV�P��WKH�QXPEHU�RI�SDUDPHWHUV�LQ�WKH�XQLYHUVDO�'LRSKDQWLQH�VHW"�
$�GLUHFW�FDOFXODWLRQ�XVLQJ�WKH�DUJXPHQWV�JLYHQ�KHUH�ZRXOG�\LHOG�D�QXPEHU�DURXQG�����
$FWXDOO\�0DWL\DFHYLF�DQG�-XOLD�5RELQVRQ�KDYH�YHU\�UHFHQWO\�VKRZQ�WKDW�P� ����
ZLOO�VXIILFH��

7KH�XQVROYDELOLW\�RI�+LOEHUW
V�WHQWK�SUREOHP�FDQ�EH�XVHG�WR�REWDLQ�D�VWUHQJWKHQHG�
IRUP�RI�*RGHO
V�IDPRXV�LQFRPSOHWHQHVV�WKHRUHP��

7+(25(0� ����� &RUUHVSRQGLQJ�WR�DQ\�JLYHQ�D[LRPDWL]DWLRQ�RI�QXPEHU�WKHRU\��
WKHUH�LV�D�'LRSKDQWLQH�HTXDWLRQ�ZKLFK�KDV�QR�SRVLWLYH�LQWHJHU�VROXWLRQV��EXW�VXFK�
WKDW�WKLV�IDFW�FDQQRW�EH�SURYHG�ZLWKLQ�WKH�JLYHQ�D[LRPDWL]DWLRQ��

$�ULJRURXV�SURRI�ZRXOG�LQYROYH�D�SUHFLVH�GHILQLWLRQ�RI��D[LRPDWL]DWLRQ�RI�QXPEHU�
WKHRU\��ZKLFK�LV�RXWVLGH�WKH�VFRSH�RI�WKLV�DUWLFOH��$Q�LQIRUPDO�KHXULVWLF�DUJXPHQW�
IROORZV��

2QH�XVHV�WKH�JLYHQ�D[LRPDWL]DWLRQ�WR�V\VWHPDWLFDOO\�JHQHUDWH�DOO�RI�WKH�WKHRUHPV�
�L�H���FRQVHTXHQFHV�RI�WKH�D[LRPV���$PRQJ�WKHVH�WKHRUHPV�ZLOO�EH�VRPH�DVVHUWLQJ�
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WKDW�VRPH�'LRSKDQWLQH�HTXDWLRQ�KDV�QR�VROXWLRQ��:KHQHYHU�VXFK�LV�HQFRXQWHUHG�LW�
LV�SODFHG�RQ�D�VSHFLDO�OLVW�FDOOHG�/,67$��$W�WKH�VDPH�WLPH�D�OLVW��/,67�%��LV�PDGH�RI�
'LRSKDQWLQH�HTXDWLRQV�ZKLFK�KDYH�VROXWLRQV��/,67�%�LV�FRQVWUXFWHG�E\�D�VHDUFK�
SURFHGXUH��H��J���DW�WKH�QWK�VWDJH�RI�WKH�VHDUFK�ORRN�DW�WKH�ILUVW�Q�'LRSKDQWLQH�HTXDWLRQV�
�LQ�D�VXLWDEOH�OLVW��DQG�WHVW�IRU�VROXWLRQV�LQ�ZKLFK�HDFK�DUJXPHQW�LV���Q��7KXV�HYHU\�
'LRSKDQWLQH�HTXDWLRQ�ZKLFK�KDV�SRVLWLYH�LQWHJHU�VROXWLRQV�ZLOO�HYHQWXDOO\�EH�SODFHG�LQ�
/,67�%��,I�OLNHZLVH�HDFK�'LRSKDQWLQH�HTXDWLRQ�ZLWK�QR�VROXWLRQV�ZRXOG�HYHQWXDOO\�
DSSHDU�LQ�/,67�$��WKHQ�RQH�ZRXOG�KDYH�DQ�DOJRULWKP�IRU�+LOEHUW
V�WHQWK�SUREOHP��
1DPHO\��WR�WHVW�D�JLYHQ�HTXDWLRQ�IRU�SRVVHVVLRQ�RI�D�VROXWLRQ�VLPSO\�EHJLQ�JHQHUDWLQJ�
/,67�$�DQG�/,67�%�XQWLO�WKH�JLYHQ�HTXDWLRQ�DSSHDUV�LQ�RQH�OLVW�RU�WKH�RWKHU��6LQFH�
+LOEHUW
V�WHQWK�SUREOHP�LV�XQVROYDEOH��VRPH�HTXDWLRQ�ZLWK�QR�VROXWLRQ�PXVW�EH�
RPLWWHG�IURP�/,67�$��%XW�WKLV�LV�MXVW�WKH�DVVHUWLRQ�RI�WKH�WKHRUHP��

���5HFXUVLYHO\�HQXPHUDEOH�VHWV��,W�LV�QRZ�WLPH�WR�VHWWOH�WKH�TXHVWLRQ�UDLVHG�DW�WKH�
EHJLQQLQJ��ZKLFK�VHWV�DUH�'LRSKDQWLQH"�

'(),1,7,21�������$�VHW�6� RI�Q�WXSOHV�RI�SRVLWLYH�LQWHJHUV�LV�FDOOHG�UHFXUVLYHO\�
HQXPQHUDEOH�LI�WKHUH�DUH�UHFXUVLYH�IXQFWLRQV�I�[�[����� ���[��� J�[�J[����T;Q�� VXFK�WKDW��

6� � ^�[O����V[Q!,���[��>$;�;L�� [Q� J�[�[� ��� [-�@`�

7+(25(0������$�VHW�6�LV'LRSKDQWLQH�LI�DQG�RQO\�LI�LW�LV�UHFXUVLYHO\�HQXPHUDEOH��

3URRI��,I�6�LV�'LRSKDQWLQH�WKHUH�DUH�SRO\QRPLDOV�3��4�ZLWK�SRVLWLYH�FRHIILFLHQWV�
VXFK�WKDW��

�[� [���!�F�6��\���� ��<0�� >3�;�,�;���� ��\L��� <P��� �4�;�L� ��� a;Q�<L����� <P�@�

�� ��X��>3�[������� [���62��X��� X���6�0�8���  � 4�;����� 62�[�X����6�P�� �@�

VR�WKDW�6�LV�UHFXUVLYHO\�HQXPHUDEOH��
&RQYHUVHO\�LI�6� LV� UHFXUVLYHO\�HQXPHUDEOH�WKHUH�DUH� UHFXUVLYH�IXQFWLRQV�

I�[��[�������[����J�[��[,������[Q��VXFK�WKDW�

�[L�� ;Q!� [�!6�6���[�� >-�[����;,���� [Q��  � J�[��[��� ;Q�@�

�� ��[��]��>]� ;I�[��[����;�[Q��	]�  ��;�[���[��@�Q�

7KXV�E\�7KHRUHP������6�LV�'LRSKDQWLQH��

���+LVWRULFDO�DSSHQGL[��7KH�SUHVHQW�H[SRVLWLRQ�KDV�LJQRUHG�WKH�FKURQRORJLFDO�
RUGHU�LQ�ZKLFK�WKH�LGHDV�ZHUH�GHYHORSHG��7KH�ILUVW�FRQWULEXWLRQ�ZDV�E\�*RGHO�LQ�
KLV�FHOHEUDWHG������SDSHU�>��@��7KH�PDLQ�SRLQW�RI�*RGHO
V�LQYHVWLJDWLRQ�ZDV�WKH�
H[LVWHQFH�RI�XQGHFLGDEOH�VWDWHPHQWV�LQ�IRUPDO�V\VWHPV��7KH�XQGHFLGDEOH�VWDWHPHQWV�
*RGHO�REWDLQHG�LQYROYHG�UHFXUVLYH�IXQFWLRQV��DQG�LQ�RUGHU�WR�H[KLELW�WKH�VLPSOH�
QXPEHU�WKHRUHWLF�FKDUDFWHU�RI�WKHVH�VWDWHPHQWV��*RGHO�XVHG�WKH�&KLQHVH�UHPDLQGHU�
WKHRUHP�WR�UHGXFH�WKHP�WR��DULWKPHWLF��IRUP��7KH�WHFKQLTXH�XVHG�LV�MXVW�ZKDW�LV�
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XVHG�KHUH�LQ�SURYLQJ�7KHRUHP������WKH�VHTXHQFH�QXPEHU�WKHRUHP��DQG�7KHRUHP�����
�LQ�WKH�GLUHFWLRQ��HYHU\�UHFXUVLYH�IXQFWLRQ�LV�'LRSKDQWLQH���+RZHYHU�ZLWKRXW�WKH�
WHFKQLTXHV�IRU�GHDOLQJ�ZLWK�ERXQGHG�XQLYHUVDO�TXDQWLILHUV�DV�GLVFXVVHG�LQ�WKLV�SDSHU��
WKH�EHVW�UHVXOW�\LHOGHG�E\�*RGHO
V�PHWKRGV�LV�WKDW�HYHU\�UHFXUVLYH�IXQFWLRQ��DQG�
LQGHHG�HYHU\�UHFXUVLYHO\�HQXPHUDEOH�VHW��FDQ�EH�GHILQHG�E\�D�'LRSKDQWLQH�HTXDWLRQ�
SUHFHGHG�E\�D�ILQLWH�QXPEHU�RI�H[LVWHQWLDO�DQG�ERXQGHG�XQLYHUVDO�TXDQWLILHUV���,Q�P\�
GRFWRUDO�GLVVHUWDWLRQ��FI��>�@��>�@���,�VKRZHG�WKDW�DOO�EXW�RQH�RI�WKH�ERXQGHG�XQLYHUVDO�
TXDQWLILHUV�FRXOG�EH�HOLPLQDWHG��VR�WKDW�HYHU\�UHFXUVLYHO\�HQXPHUDEOH�VHW�6�FRXOG�EH�
GHILQHG�DV�

6� � ^[�,���\���9N��\��\����� <P��>3�N��[��\��\��� �<P�� �2@`��

7KLV�UHSUHVHQWDWLRQ�EHFDPH�NQRZQ�DV�WKH�'DYLV�QRUPDO�IRUP���/DWHU�5��0��5RELQVRQ�
>��@��>��@�VKRZHG�WKDW�LQ�WKLV�QRUPDO�IRUP�RQH�FRXOG�WDNH�P� ����0RUH�UHFHQWO\�
0DWL\DFHYLF�KDV�VKRZQ�WKDW�RQH�FDQ�HYHQ�WDNH�P� ����,W�LV�NQRZQ�WKDW�RQH�FDQQRW�
DOZD\V�KDYH�P� ����ZKHWKHU�RQH�FDQ�DOZD\V�JHW�P� ���LV�RSHQ���

,QGHSHQGHQW�RI�P\�ZRUN�DQG�DW�DERXW�WKH�VDPH�WLPH��-XOLD�5RELQVRQ�EHJDQ�KHU�
VWXG\�>��@�RI�'LRSKDQWLQH�VHWV��+HU�LQYHVWLJDWLRQV�FHQWHUHG�DERXW�WKH�TXHVWLRQ��
,V�WKH�H[SRQHQWLDO�IXQFWLRQ�'LRSKDQWLQH"�7KH�PDLQ�UHVXOW�ZDV�WKDW�D�FHUWDLQ�K\SRWK��
HVLV�LPSOLHG�WKDW�WKH�H[SRQHQWLDO�IXQFWLRQ�ZDV�'LRSKDQWLQH��7KH�K\SRWKHVLV��ZKLFK�
EHFDPH�NQRZQ�DV�WKH�-XOLD�5RELQVRQ�K\SRWKHVLV��KDV�SOD\HG�D�NH\�UROH�LQ�ZRUN�RQ�
+LOEHUW
V�WHQWK�SUREOHP��,WV�VWDWHPHQW�LV�VLPSO\��

7KHUH�H[LVWV�D�'LRSKDQWLQH�VHW�'�VXFK�WKDW��
���� �X��Y!�('�'�LPSOLHV�Y�"�X
��
����)RU�HDFK�N��WKHUH�LV��X��Y!�(�'�VXFK�WKDW�9�!� 8N��
7KH�K\SRWKHVLV�UHPDLQHG�DQ�RSHQ�TXHVWLRQ�IRU�DERXW���GHFDGHV���$FWXDOO\�WKH�VHW�

'� � ^�X�Y!� ,Y [[���	X!�`�

VDWLVILHV�����DQG�����E\�/HPPD������DQG�LV�'LRSKDQWLQH�E\�&RUROODU\������VR�WKH�WUXWK�
RI�-XOLD�5RELQVRQ
V�K\SRWKHVLV�IROORZV�DW�RQFH�IURP�WKH�UHVXOWV�LQ�WKLV�DUWLFOH���
-XOLD�5RELQVRQ
V�SURRI�WKDW�WKLV�K\SRWKHVLV�LPSOLHV�WKDW�WKH�H[SRQHQWLDO�IXQFWLRQ�LV�
'LRSKDQWLQH�XVHG�WKH�3HOO�HTXDWLRQ��$QG��WKH�SURRI�WKDW�WKH�H[SRQHQWLDO�IXQFWLRQ�LV�
LQGHHG�'LRSKDQWLQH�JLYHQ�KHUH�LV�FORVHO\�UHODWHG�WR�D�PRUH�UHFHQW�SURRI�>��@�E\�
KHU�RI�WKLV�VDPH�LPSOLFDWLRQ��

,Q�>��@��-XOLD�5RELQVRQ�VWXGLHG�DOVR�VHWV�DQG�IXQFWLRQV�ZKLFK�ZHUH�H[SRQHQWLDO�
'LRSKDQWLQH��RU�H[LVWHQWLDOO\�GHILQDEOH�LQ�WHUPV�RI�H[SRQHQWLDWLRQ��WKDW�LV�ZKLFK�
SRVVHVV�GHILQLWLRQV�RI�WKH�IRUP��

��X��� ��;� 8QJ�9,�� �
���

� 9QJ�:O��
���
�� :Q�� (3�;� �� ����;:V8���

��

� 8Q�9������ �9QL�:'� ����:��  � 2�

	X��  Y,� 
	�� 	X��  � 9OQ@��

,Q�SDUWLFXODU��WKH�IXQFWLRQV��N��DQG�Q��ZHUH�VKRZQ�E\�KHU�WR�EH�H[SRQHQWLDO�
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'LRSKDQWLQH��7KLV�LV�UHDOO\�ZKDW�LV�VKRZQ�LQ�SURYLQJ�����DQG�����RI�7KHRUHP������
7KH�SUHVHQW�SURRI�RI�����LV�MXVW�KHUV��WKH�SURRI�RI�����JLYHQ�KHUH�LV�D�VLPSOLILHG�YDU��
LDQW�RI�WKDW�LQ�>��@���,W�LV�GXH�LQGHSHQGHQWO\�WR�-XOLD�5RELQVRQ�DQG�0DWL\DVHYLF���

7KH�LGHD�RI�XVLQJ�WKH�&KLQHVH�UHPDLQGHU�WKHRUHP�WR�FRGH�WKH�HIIHFW�RI�D�ERXQGHG�
XQLYHUVDO�TXDQWLILHU�ILUVW�RFFXUUHG�LQ�WKH�ZRUN�RI�P\VHOI�DQG�3XWQDP�>�@��,Q�>�@��ZH�
UHILQHG�RXU�PHWKRGV�DQG�ZHUH�DEOH�WR�VKRZ��EHJLQQLQJ�ZLWK�WKH�'DYLV�QRUPDO�IRUP��
WKDW�,)� WKHUH�DUH�DUELWUDULO\�ORQJ�DULWKPHWLF�SURJUHVVLRQV�FRQVLVWLQJ�HQWLUHO\�RI�
SULPHV��VWLOO�DQ�RSHQ�TXHVWLRQ���WKHQ�HYHU\�UHFXUVLYHO\�HQXPHUDEOH�VHW�LV�H[SRQHQWLDO�
'LRSKDQWLQH��,Q�RXU�SURRI�ZH�QHHGHG�WR�HVWDEOLVK�WKDW�K�D��E��\�� � IO\ � �D���EN��LV�
H[SRQHQWLDO�'LRSKDQWLQH��ZKLFK�ZH�GLG�H[WHQGLQJ�-XOLD�5RELQVRQ
V�PHWKRGV���7KH�
SURRI�JLYHQ�KHUH�RI�����RI�7KHRUHP�����LV�D�PXFK�VLPSOLILHG�DUJXPHQW�IRXQG�PXFK�
ODWHU�E\�-XOLD�5RELQVRQ�FI��>��@���-XOLD�5RELQVRQ�WKHQ�VKRZHG�ILUVW�KRZ�WR�HOLPLQDWH�
WKH�K\SRWKHVLV�DERXW�SULPHV�LQ�DULWKPHWLF�SURJUHVVLRQ��DQG�WKHQ�KRZ�WR�JUHDWO\�
VLPSOLI\�WKH�SURRI�DORQJ�WKH�OLQHV�RI�/HPPD�����RI�WKLV�DUWLFOH��7KXV�ZH�REWDLQHG�WKH�
WKHRUHP�RI�>�@�WKDW�HYHU\�UHFXUVLYHO\�HQXPHUDEOH�VHW�LV�H[SRQHQWLDO�'LRSKDQWLQH��

$WWHQWLRQ�ZDV�QRZ�IRFXVHG�RQ�WKH�-XOLD�5RELQVRQ�K\SRWKHVLV�VLQFH�LW�ZDV�SODLQ�
WKDW�LW�ZRXOG�LPSO\�WKDW�+LOEHUW
V�WHQWK�SUREOHP�ZDV�XQVROYDEOH��

0DQ\�LQWHOHVWLQJ�SURSRVLWLRQV�ZHUH�IRXQG�WR�LPSO\�WKH�-XOLD�5RELQVRQ�K\SRWK��
HVLV����+RZHYHU�WKH�K\SRWKHVLV�VHHPHG�LPSODXVLEOH�WR�PDQ\��HVSHFLDOO\�EHFDXVH�LW�
ZDV�UHDOL]HG�WKDW�DQ�LPPHGLDWH�DQG�VXUSULVLQJ�FRQVHTXHQFH�ZRXOG�EH�WKH�H[LVWHQFH�RI�
DQ�DEVROXWH�XSSHU�ERXQG�IRU�WKH�GLPHQVLRQV�RI�'LRSKDQWLQH�VHWV��FI��7KHRUHP�������
7KXV�LQ�KLV�UHYLHZ�>��@�.UHLVHO�VDLG�FRQFHUQLQJ�WKH�UHVXOWV�RI�>�@�� ����� LW�LV�OLNHO\�WKH�
SUHVHQW�UHVXOW�LV�QRW�FORVHO\�FRQQHFWHG�ZLWK�+LOEHUW
V�WHQWK�SUREOHP��$OVR�LW�LV�QRW�
DOWRJHWKHU�SODXVLEOH�WKDW�DOO��RUGLQDU\��'LRSKDQWLQH�SUREOHPV�DUH�XQLIRUPO\�UHGXFLEOH�
WR�WKRVH�LQ�D�IL[HG�QXPEHU�RI�YDULDEOHV�RI�IL[HG�GHJUHH�������

7KH�-XOLD�5RELQVRQ�K\SRWKHVLV�ZDV�ILQDOO\�SURYHG�E\�0DWL\DVHYLF�>��@��>��@��
6SHFLILFDOO\�KH�VKRZHG�WKDW�LI�ZH�GHILQH�

G� D��  � ��� DQ���  � DQ��� DQ���

VR�WKDW�DQ�LV�WKH�QWK�)LERQDFFL�QXPEHU��WKHQ�WKH�IXQFWLRQ�D�Q�LV�GLRSKDQWLQH��7KHQ�
VLQFH��IRU�Q�!����DV�LV�HDVLO\�VHHQ�E\�LQGXFWLRQ��

��� DQ����Q��

WKH�VHW�

'� � ^�X�Y!�M�Y� �D���	X�!��`�

VDWLVILHV�WKH�-XOLD�5RELQVRQ�K\SRWKHVLV��6XEVHTXHQWO\��GLUHFW�GLRSKDQWLQH�GHILQLWLRQV�
RI�WKH�H[SRQHQWLDO�IXQFWLRQ�ZHUH�JLYHQ�E\�D�QXPEHU�RI�LQYHVWLJDWRUV��VHYHUDO�RI�
WKHP�XVLQJ�WKH�3HOO�HTXDWLRQ�DV�LQ�WKLV�DUWLFOH��FI��>�@��>�@��>��@��>��D@���7KH�WUHDWPHQW�
LQ�"�����LV�EDVHG�RQ�0DWL\DVHYLF
V�PHWKRGV��DOWKRXJK�WKH�GHWDLOV�DUH�-XOLD�5RELQVRQ
V��
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,Q�SDUWLFXODU��LW�ZDV�0DWL\DVHYLF�ZKR�WDXJKW�XV�KRZ�WR�XVH�UHVXOWV�OLNH�/HPPDV�������
������DQG������RI�WKH�SUHVHQW�H[SRVLWLRQ���0DWL\DVHYLF�KLPVHOI�XVHG�DQDORJRXV�UHVXOWV�
IRU�WKH�)LERQDFFL�QXPEHUV���

,W�ZDV�VRRQ�QRWLFHG��E\�6��.RFKHQ��WKDW�E\�D�VLPSOH�LQGXFWLYH�DUJXPHQW�WKH�XVH�
RI�WKH�'DYLV�QRUPDO�IRUP�FRXOG�QRZ�EH�HQWLUHO\�DYRLGHG��DV�KDV�EHHQ�GRQH�LQ�WKH�
SUHVHQW�H[SRVLWLRQ��

/HW���3��EH�WKH�QXPEHU�RI�VROXWLRQV�RI�WKH�'LRSKDQWLQH�HTXDWLRQ�3� ����7KXV�
2�"���3��"��5��+LOEHUW
V�WHQWK�SUREOHP�VHHNV�DQ�DOJRULWKP�IRU�GHFLGLQJ�RI�D�JLYHQ�
3�ZKHWKHU�RU�QRW���3�� � ���%XW�WKHUH�DUH�PDQ\�UHODWHG�TXHVWLRQV��,V�WKHUH�DQ�
DOJRULWKP�IRU�WHVWLQJ�ZKHWKHU���3�� �1�� RU���3�� ����RU���3��LV�HYHQ"�,�ZDV�DEOH�
WR�VKRZ�HDVLO\��EHJLQQLQJ�ZLWK�WKH�XQVROYDELOLW\�RI�+LOEHUW
V�WHQWK�SUREOHP��WKDW�DOO�
RI�WKHVH�SUREOHPV�DUH�XQVROYDEOH��,Q�IDFW�LI�

$� � ^��������� �R`�

DQG�%�
� $��%������%���$��WKHQ�RQH�FDQ�UHDGLO\�VKRZ�WKDW�WKHUH�LV�QR�DOJRULWKP�IRU�
GHWHUPLQLQJ�ZKHWKHU�RU�QRW���3��(�%��FI��>��@���

7KH�IDFW�WKDW�QR�JHQHUDO�DOJRULWKP�VXFK�DV�+LOEHUW�GHPDQGHG�ZLOO�EH�IRUWKFRPLQJ�
DGGV�WR�WKH�LQWHUHVW�RI�DOJRULWKPV�IRU�GHDOLQJ�ZLWK�VSHFLDO�FODVVHV�RI�'LRSKDQWLQH�
HTXDWLRQV��$ODQ�%DNHU�DQG�KLV�FRZRUNHUV�>�@��>�@�KDYH�LQ�UHFHQW�\HDUV�PDGH�FRQ��
VLGHUDEOH�SURJUHVV�LQ�WKLV�GLUHFWLRQ��

1RWHV�

���7KHVH�SDLULQJ�IXQFWLRQV��EXW�RI�FRXUVH�QRW�WKHLU�EDLQJ�'LRSKDQWLQH��ZHUH�XVHG�E\�&DQWRU�LQ�
KLV�SURRI�RI�WKH�FRXQWDELOLW\�RI�WKH�UDWLRQDO�QXPEHUV��-��5REHUWV�DQG�'��6LHINHV�HDFK�FRUUHFWHG�DQ�
HUURU�LQ�WKH�GHILQLWLRQ�RI�WKHVH�IXQFWLRQV��7KH\��DV�ZHOO�DV�:��(PHUVRQ��0��+DXVQHU��<��0DWL\DVHYLF��
DQG�-XOLD�5RELQVRQ�PDGH�KHOSIXO�VXJJHVWLRQV��

���)RU�H[DPSOH��FI��>��@��SS�����������0DWL\DVHYLF�XVHG�LQVWHDG�WKH�HTXDWLRQV�[���� [\��  � ���
8��� PXY��� 9�� ���

���7KH�UHFXUVLYH�IXQFWLRQV�DUH�XVXDOO\�GHILQHG�RQ�WKH�QRQQHJDWLYH�LQWHJHUV��7KLV�FUHDWHV�D�PLQRU�
EXW�DQQR\LQJ�WHFKQLFDO�SUREOHP�LQ�FRPSDULQJ�WKH�SUHVHQW�GHILQLWLRQ�ZLWK�RQH�LQ�WKH�OLWHUDWXUH��H�J���
FI��>�@��S������DOVR�7KHRUHP�����RQ�S�������7KXV�RQH�FDQ�VLPSO\�QRWH�WKDW�I�[O������[���LV�UHFXUVLYH�LQ�
WKH�SUHVHQW�VHQVH�LI�DQG�RQO\�LI�I�W���� �������WQ��� ����� ��LV�UHFXUVLYH�LQ�WKH�XVXDO�VHQVH��)URP�WKH�
SRLQW�RI�YLHZ�RI�WKH�LQWXLWLYH��FRPSXWDELOLW\��RI�WKH�IXQFWLRQV�LQYROYHG�WKLV�GRHVQ
W�PDWWHU�DW�DOO��
RQH�LV�VLPSO\�LQ�WKH�SRVLWLRQ�RI�XVLQJ�WKH�SRVLWLYH�LQWHJHUV�DV�D��FRGH��IRU�WKH�QRQQHJDWLYH�LQWHJHUV���
XVLQJ�Q��� ��WR�UHSUHVHQW�Q��

���,QFOXVLRQ�RI�6��L��X��LQ�WKLV�OLVW�LV�UHGXQGDQW��7KDW�LV��6��L��X��FDQ�EV�REWDLQHG�XVLQJ�RXU�WKUHH�
RSHUDWLRQV�IURP�WKH�UHPDLQLQJ�LQLWLDO�IXQFWLRQV��

���7KH�PHWKRG�RI�SURRI�LV�-XOLD�5RELQVRQ
V��>��@��>��@��,I�RQH�ZHUH�SHUPLWWHG�WR�XVH�WKH�HQXPHUD��
WLRQ�WKHRUHP�LQ�UHFXUVLYH�IXQFWLRQ�WKHRU\��>�@��S������7KHRUHP�������WKH�8QLYHUVDOLW\�7KHRUHP�ZRXOG�
IROORZ�DW�RQFH�IURP�7KHRUHP������

���$FWXDOO\�WKH�UHVXOW�ZKLFK�*�GHO�VWDWHG��DV�RSSRVHG�WR�ZKDW�FDQ�EH�REWDLQHG�DW�RQFH�E\�XVH�RI�
KLV�WHFKQLTXHV��ZDV�VRPHZKDW�ZHDNHU��,QGHHG��WKH�YHU\�GHILQLWLRQ�RI�WKH�FODVV�RI�UHFXUVLYH�IXQFWLRQV�
DQG�WKH�SHUFHSWLRQ�RI�WKHLU�VLJQLILFDQFH�FDPH�VHYHUDO�\HDUV�ODWHU�LQ�WKH�ZRUN�RI�*�GHO��&KXUFK��DQG�
7XULQJ��,Q�SDUWLFXODU�WKV�VXJJ�VWLRQ�WKDW�UHFXUVLYHQHVV�ZDV�D�SUHFLVH�HTXLYDOHQW�RI�WKH�LQWXLWLYH�
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QRWLRQ�RI�EHLQJ�FRPSXWDEOH�E\�DQ�H[SOLFLW�DOJRULWKP�ZDV�PDGH�LQGHSHQGHQWO\�E\�&KXUFK�DQG�E\�
7XULQJ��$QG�RI�FRXUVH�LW�LV�WKLV�LGHQWLILFDWLRQ�ZKLFK�LV�HVVHQWLDO�LQ�UHJDUGLQJ�WKH�WHFKQLFDO�UHVXOWV�
GLVFXVVHG�LQ�WKLV�DFFRXQW�DV�FRQVWLWXWLQJ�D�QHJDWLYH�VROXWLRQ�RI�+LOEHUW
V�WHQWK�SUREOHP���)RU�IXUWKHU�
GLVFXVVLRQ�DQG�UHIHUHQFHV��FI��>�@���

���)RU�H[DPSOH��,�VKRZHG��>��@��WKDW�WKH�-XOLD�5RELQVRQ�K\SRWKHVLV�ZRXOG�IROORZ�IURP�WKH�QRQ��
H[LVWHQFH�RI�QRQWULYLDO�VROXWLRQV�RI�WKH�HTXDWLRQ�

���8�������L���� BB���[���� �\���������

7KH�PHWKRGV�XVHG�UHDGLO\�VKRZ�WKDW�WKH�VDPH�FRQFOXVLRQ�IROORZV�LI�WKH�HTXDWLRQ�KDV�RQO\�ILQLWHO\�
PDQ\�VROXWLRQV��&XGQRYVNLL�>�@�FODLPV�WR�KDYH�SURYHG�WKDW��[�LV�GLRSKDQWLQH��DQG�KHQFH�WKH�-XOLD�
5RELQVRQ�K\SRWKHVLV��XVLQJ�WKLV�HTXDWLRQ��$SSDUHQWO\�WKHUH�LV�D�SRVVLELOLW\�WKDW�VRPH�RI�&XGQRYVNLL
V�
ZRUN�PD\�KDYH�EHHQ�GRQH�LQGHSHQGHQWO\�RI�0DWL\DVHYLF��� EXW�,�KDYH�QRW�EHHQ�DEOH�WR�REWDLQ�GHILQLWH�
LQIRUPDWLRQ�DERXW�WKLV��

5HIHUHQFHV�

���$ODQ�%DNHU��&RQWULEXWLRQV�WR�WKH�WKHRU\�RI�'LRSKDQWLQH�HTXDWLRQV��,��2Q�WKH�UHSUHVHQWDWLRQ�
RI�LQWHJHUV�E\�ELQDU\�IRUPV��,,��7KH�'LRSKDQWLQH�HTXDWLRQ�\�� [�;����N��3KLORV��7UDQV��5R\��6RF��
/RQGRQ�6HU��$����������������������

���$ODQ�%DNHU��7KH�'LRSKDQWLQH�HTXDWLRQ�\��  �D[�� )�E[����F[���G��-��/RQGRQ�0DWK��6RF������
������������

���*��9��&XGQRYVNLL��'LRSKDQWLQH�SUHGLFDWHV��5XVVLDQ���8VSHKL�0DW��1DXN������������QR����
�������SS�����������

��� ��&HUWDLQ�DULWKPHWLF�SUREOHPV��5XVVLDQ���2UGHQD�/HQLQD�$NDG��8NUDLQV��665��3UHSULQW�
,0�������

���0DUWLQ�'DYLV��$ULWKPHWLFDO�SUREOHPV�DQG�UHFXUVLYHO\�HQXPHUDEOH�SUHGLFDWHV��-��6\PEROLF�
/RJLF�������������������

��� ��&RPSXWDELOLW\�DQG�8QVROYDELOLW\��0F*UDZ�+LOO��1HZ�<RUN��������
���0DUWLQ�'DYLV�DQG�+LODU\�3XWQDP��5HGXFWLRQ�RI�+LOEHUW
V�WHQWK�SUREOHP��-��6\PEROLF�/RJLF��

�������������������
��� �DQG� ��� 2Q�+LOEHUW
V�WHQWK�SUREOHP��8��6��$LU�)RUFH����6��5��5HSRUW�$)265�75�

���������������3DUW�,,,��
���0DUWLQ�'DYLV��+LODU\�3XWQDP��DQG�-XOLD�5RELQVRQ��7KH�GHFLVLRQ�SUREOHP�IRU�H[SRQHQWLDO�

'LRSKDQWLQH�HTXDWLRQV��$QQ��0DWK����������������������
����0DUWLQ�'DYLV��$SSOLFDWLRQV�RI�UHFXUVLYH�IXQFWLRQ�WKHRU\�WR�QXPEHU�WKHRU\���3URF��6\PS��

3XUH�0DWK���������������������
���� �� ([WHQVLRQV�DQG�FRUROODULHV�RI�UHFHQW�ZRUN�RQ�+LOEHUW
V�WHQWK�SUREOHP��,OOLQRLV�-��

0DWK���������������������
����0DUWLQ�'DYLV�DQG�+LODU\�3XWQDP��'LRSKDQWLQH�VHWV�RYHU�SRO\QRPLDO�ULQJV��,OOLQRLV�-��0DWK���

������������������
����0DUWLQ�'DYLV��2QH�HTXDWLRQ�WR�UXOH�WKHP�DOO��7UDQV��1HZ�<RUN�$FDG��6FL���6HULHV�,,�����

����������������
���� ��$Q�H[SOLFLW�'LRSKDQWLQH�GHILQLWLRQ�RI�WKH�H[SRQHQWLDO�IXQFWLRQ��&RPP��3XUH�$SSO��

0DWK���������������������
���� ��2Q�WKH�QXPEHU�RI�VROXWLRQV�RI�'LRSKDQWLQH�HTXDWLRQV��3URF��$PHU��0DWK��6RF���

�������������������
����.XUW�*RGHO��8EHU�IRUPDO�XQHQWVFKHLGEDUH�6DW]H�GHU�3ULQFLSLD�0DWKHPDWLFD�XQG�YHUZDQGWHU�

6\VWHPH�,��0RQDWVK��0DWK��XQG�3K\VLN���������������������(QJOLVK�WUDQVODWLRQV������.XUW��*RGHO��
2Q�)RUPDOO\�8QGHFLGDEOH�3URSRVLWLRQV�RI�3ULQFLSLD�0DWKHPDWLFD�DQG�5HODWHG�6\VWHPV��%DVLF�
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%RRNV������������0DUWLQ�'DYLV��HGLWRU���7KH�8QGHFLGDEOH��5DYHQ�3UHVV��������SS������������-HDQ�
9DQ�+HLMHQRRUW��HGLWRU���)URP�)UHJH�WR�*GGHO��+DUYDUG�8QLYHUVLW\�3UHVV��������SS�����������

����*��+��+DUG\�DQG�(��0��:ULJKW��$Q�,QWURGXFWLRQ�WR�WKH�7KHRU\�RI�1XPEHUV��)RXUWK�HGLWLRQ��
2[IRUG�8QLYHUVLW\�3UHVV��������

����'DYLG�+LOEHUW��0DWKHPDWLFKVH3UREOHPH��9RUWUDJ��JHKDOWHQ�DXI�GHP�LQWHUQDWLRQDOHQ�0DWKH��
PDWLNHU�.RQJUHVV�]X�3DULV�������1DFKULFKWHQ�$NDG��:LVV��*RWWLQJHQ��0DWK���3K\V��.O���������
���������(QJOLVK�WUDQVODWLRQ��%XOO��$PHU��0DWK��6RF��������������������������

��D��1��.��.RVRYVNLL��2Q�'LRSKDQWLQH�UHSUHVHQWDWLRQV�RI�WKH�VROXWLRQV�RI�3HOO
V�HTXDWLRQ��5XV��
VLDQ���=DS��1DX�Q��6HP��/HQLQJUDG��2WGHO��0DW��,QVW��6WHNORYD�������������������

����*HRUJ�.UHLVHO��5HYLHZ�RI�>�@��0DWKHPDWLFDO�5HYLHZV������������3DUW�$��S�������UHYLHZ�QXPEHU�
$��������

����<XUL�0DWL\DVHYL���7KH�UHODWLRQ�RI�V\VWHPV�RI�HTXDWLRQV�LQ�ZRUGV�DQG�WKHLU�OHQJWKV�WR�+LOEHUW
V�
WHQWK�SUREOHP��5XVVLDQ���,VVOHGRYDQL\D�SR�.RQVWUXNWLYQRL�0DWHPDWLNH�L�0DWHPDWLFHVNRL�/RJLNH�
,,��9RO�����SS�����������

������ �� 7ZR�UHGXFWLRQV�RI�+LOEHUW
V�WHQWK�SUREOHP��5XVVLDQ���,ELG���SS�����������
���� �� $ULWKPHWLF�UHSUHVHQWDWLRQ�RI�H[SRQHQWLDWLRQ��5XVVLDQ���,ELG���SS�����������
���� ��(QXPHUDEOH�VHWV�DUH�'LRSKDQWLQH��5XVVLDQ���'RNO��$NDG��1DXN�6665�������������

���������,PSURYHG�(QJOLVK�WUDQVODWLRQ��6RYLHW�0DWK��'RNODG\���������������������
��D�� ��'LRSKDQWLQH�UHSUHVHQWDWLRQ�RI�WKH�VHW�RI�SULPH�QXPEHUV��5XVVLDQ���'RNO��$NDG��

1DXN�6665����������������������,PSURYHG�(QJOLVK�WUDQVODWLRQ�ZLWK�$GGHQGXP��6RYLHW�0DWK��
'RNODG\���������������������

��E�� ��� 'LRSKDQWLQH�UHSUHVHQWDWLRQ�RI�UHFXUVLYHO\�HQXPHUDEOH�SUHGLFDWHV��3URF��6HFRQG�
6FDQGLQDYLDQ�/RJLF�6\PS���HGLWRU��-��(��)HQVWDG��1RUWK�+ROODQG��$PVWHUGDP��������

��F�� ��� 'LRSKDQWLQH�UHSUHVHQWDWLRQ�RI�UHFXUVLYHO\�HQXPHUDEOH�SUHGLFDWHV��3URF�������
,QWHUQ��&RQJUHVV�0DWK���SS�����������

���� �� ��'LRSKDQWLQH�UHSUHVHQWDWLRQ�RI�HQXPHUDEOH�SUHGLFDWHV��5XVVLDQ���,]Y��$NDG��1DXN�
6665��6HU��0DW������������������

��D�� ��'LRSKDQWLQH�VHWV��5XVVLDQ���8VSHKL�0DW��1DXN��������������������
����,YDQ�1LYHQ�DQG�+HUEHUW�=XFNHUPDQ��$Q�,QWURGXFWLRQ�WR�WKH�7KHRU\�RI�1XPEHUV���QG�HG���

:LOH\��1HZ�<RUN��������
����+LODU\�3XWQDP��$Q�XQVROYDEOH�SUREOHP�LQ�QXPEHU�WKHRU\��-��6\PE��/RJLF���������������������
����-XOLD�5RELQVRQ��([LVWHQWLDO�GHILQDELOLW\�LQ�DULWKPHWLF��7UDQV��$PHU��0DWK��6RF�������������
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