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if the graph of the function (f o g o g o f)* is transverse to the diagonal, then a

point of perio d 4m is stable.

THnonDM 2.4. Suppose f ,g: IRn --+ IRn are smooth. Generically, the set {* etRn:

S o f(x) - f o g(x) - x\ is empty. Precisely, for o,ny open neighborhood U (C*

Whitney topology) about (f,g) fn C-(no,Ro) x C*(Ro,Ro), we can find smooth

func t i on "  ( f i , l t )  e  U  such tha t t he  se t  { "  e  IRn :  g roh@) :  f r og r ( t )  -  x }  i s

empty, and these smooth functions (f1,gt) a,re a, residual subset o/ C-(n',tRo) X

C-(R",  R").

Proof: Let xrepresent n coordinates in IR,'. Let urepresent n cooriinates in IRn.

Let u represent n coordinates in IR'. For each f , let zi represent n coordinates in IR,n.

Def ine the submanifold X of Reo as t  -  
{ (q,z2tzytz4tzstz6tzTtzsrzs) € Re'? i  22:

Z4tzt : z7tz6 :26, and zt : z1lr. Notice each equation z2 -- z4tzy: z7tz6 : z8t

and z1 - z8 represents n independent equations. Since there are no dependencies

among these equations, there are 4n independent equations. Thus, the codimension

of E in Ret equals 4n..Consider any smooth function V : IRn + R2', where itr(r) -

( f  (*) ,g(*)) .  Consider the mult i jet  map rrO![r(s,  u,a) :  ( r ,V(")  ,u,{ t (u),  u,  V(u))  -

( * ,  f  ( * ) ,9(x) ,u ,  f  (u) ,g(u) ,u ,  f  (u) ,g( r ) ) .  Not ice  that  ( r ro i t r ) - t ( f  )  -  { ( " ,  u ,u)  e

R3 ' :  u  -  f ( * ) ,u :  g( r ) ,and /  og( r ) :  gof ( * )  -_r ) .  I f  UB0iu)  is  t ransverse to  the .

manifold X, then the pqevious'set is diffeomorphic to the set {r € IRn i g o f("):

f o g(*) - x\. Since the codimension of E is 4n, and the dimension of the domain

is 3n, if (fro![) is transverse to the manifold E, then Proposition 2.2 implies that

(rror[)-t(f) is an empty set. The Multijet Transversality Theorem implies that

Ty_ {{, € c-(tR',R2") : ,30urilr} is a residual subset of c-(nt,R2'). From
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proposition 2.4, there is a homeomorphism l/ (w.r.t. to the C- topology) from

C-(Rt,R2") to C*(Ro,Ro) x C@(n',Ro). Since C-(tR",R2") is a Baire space,

?p is a dense subset of C-(nt,R2t). Hence, HQil is a dense, residual subset of

C*(rRo,n")  x C-(tRo,R").  I

Before we discuss the meaning of the following corollary, it is important to recall

the difference between the periodicity of the non-autonomous system {f , g, f , g, f , g,

...), in this case period 2, and the periodicityof an orbit, lgof ogofl*(p) - pfor all

m e N, which in this case is period 4. This Corollary says that for a non-autonomous

system with period 2 that all points with period three are unstable. Notice that

once we define the proper submanifold X, the proof uses the same- argument as

Theorem 2.4.

I

THBonEM 2.5. Suppose f ,g : Rt -> IRn are smooth. Generically, the set {, e IRn:

f  o(So lXr )  :go( f  og) ( * )  - r )  i sempty .  Prec ise ly , forany openneighborhood

U about (f ,g) in the C* Whitney topology, C-(Ro,Ro) x C-(n',R'), we can

f rndsmoo th func t i on i ( / t , g r )  €  U  such tha t t hese t  { t  € IRn :  ho  (g ro l rX " ) :

gr o (/r o gt)(x) - x\ is empty, and these smooth functiont (/r,gr) are a, residual

subset o/ C-(Ro, Rt) x C*(no, Ro).

Proof: For each i, where L < i < 5, let c; represent n coordinates in IRn. For

each i, where L S i < 15, Iet z{ represent n coordinates in IRn. Define the subman-

i f o ld  E  o f  p l5n  as  E  :  { ( t t r z2 tzv t - . . t z t t t z tE rz rc )  E  p15n  i  22 :  z4 tz r :  z r t zy :

zt1t 26 - ztgt zt : 212, and zt : 44],. Notice each equation represents n indepen-

dent equations. Since there are no dependencies among these equations,-there are 6n

independent equations. Thus, the codimension of X in R,eo equals 6n. Consider any



34

smooth function V : IRn + R2', where V(") - (/("),g(*)).Consider the multijet

map luoV( t t  tx2 t r1 t r ,+ t r ,s )  :  (c r ,  V( t r ) , tz ,V( rz) , r3 ,  V(ca) , rE,V(" t ) ,  15,  V( r5) )

:  ( x r ,  f  ( * r ) , g (x r ) , x2 ,  f  ( * z ) ,g (xz ) ,q ,  f  ( * s ) ,g ( r t ) , *+ ,  f  ( * t ) , g ( rE ) , * s ,  f  ( r s ) ,g ( t s ) ) .

Not ice  that  ( fuo i l r ) - t ( f )  :  { ( r r  to2to ; txa ,n5)  €  R,s t t  i  o2  -  f  ( * t ) ,xs :  9(xr ) , r+ :

f  og (x r ) , r s  -  go f ( x i ,  and  go " f  o  g ( x i  -  f  og  o / ( c1 )  -  
" t ) .  

I f  Us0 { r )

is transverse to the manifold E, then the previous set is diffeomorphic to the set

{ t t  e  IRn :  go f  og (x r ) :  f  ogo f ( * t ) : " r } .S ince thecod imens iono f  E i s6n ,  and

the dimension of the domain is 5n, if (fro!tr) is transverse to the manifotd E, then 
.

Pr6position 2.2implies that (fuoV)-t(f) is an empty set. The Multijet Transversal-

ity Theorem implies that TE: {V e C-(lRt,R2") : ,s0{rilX} is a residual subset

of C-(no,R2o). From proposition 2.4, there is a homeomorphism f/ (w.r.t. to the

C- topology) from C-(tR",R2") to C€(n,',R') x C-(no,R'). Since C-(tR',R2")

is a Baire space, TE is a dense, subset of C-(lRo,R2l). Hence, HgE) is a dense,

residual subset of C*(n*,R') x C-(n',Rt). I

Tnnonnu 2.6. Suppose frg: IRn ---+ IRn are smooth. Generically, the set {x €

IRn  :  f  o (go f ) k ( * )_  go ( fog )e (o )  -  x \  i s  empty .  P rec i se l y ,  f o r  any  open

neighborhood U about (f , g) in the C@ Whitney topology, C- (lR', R') x C- (n', R'),

we can frnit smooth functiont (fi ,9i e U such that the set {* , ho (gr o fi)k(c) -

gt o (/r o gik(r) - x\ is empty, and, thes" ,*ooih functionr (fi ,9r) are a resid,ual

subset o/ C-(n', Ro) x C-(no, Ro).

Proof: Similar argument as in Theorem 2.5.
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THnonnu 2.7. Suppose grtg2tgy : IRn IRT, are smooth. Generically, the set

{ x  €  IRn :  gzog t ( x )_  f i on@) -  gsogz ( r ) -  a }  i semp ty .  P rec i se l y ,  f o ,

any open neighborhoodU (C* Whitney topology) about (fi,gz,gt) in C*(tR',R") x

C-(lR",n") x C-(lRt,Ro), ue can frnd smooth functions (fi , fz, fs) e U such that

'the set {t € IRn : fzo fr(t) - ho f{n) : /s o fz(x) - r} is empty, and these smooth

functions (fi , fz, ft) are a residual subset o/C€(Ro, R') x C-(n', R') x C-(no, Ro).

Proof: For each i, where I < i I4, let c; represent n coordinates in IRn. For

"u,.1 
f, where I<iS 16, let z;represent n coordinates inlR,n. Definethesubman-

i f o l d  E  o f  p l 6n  as  E  :  { ( r uz2 t zs r . . . t z r4 t z t s r z r c )  6  p16a  i  22 :  zs t z r -  z s t z4 :

zrSt z7 : zl2t zt2 : 214, and, zt -- ttEI. Notice each equation represeni" n indepen-

dent equations. Since there are no dependencies among these equations, there are

6n independent equations. Thus, the codimension of I itr pr6n equals 6n. Consider

any smooth function V : IRn + R3o, where V(") : (gr(r),Sz(*),gs(")). Consider

the mul t i je tmap j+o{ t ( r r , r .2 tn3tx+)  :  (c1 ,  V(c  r ) ,xz ,V(*z) , r3 ,  { r (ca) , t+ , i t r (ca) )  -

( * t , g r ( " r ) , 92 (x1 ) ,9 t ( x1 ) , xz ,9 r ( x2 ) ,gz (xz ) ,9 t ( x2 ) , . . . , n4 ,g { r+ ) ,92 (aa ) ,Ss@+) ) .  No -

t ice  that  ( r l0 i t r ) - t ( l ) . -  { ( " ,  ,n2txr ,na)  €  R4n :  12 :  9 t  ( r r ) ,cg  :  92( r r ) , *+-

gs(xt) ,  and 9zo 9r(x1) :  f io gs(xr) :  gso gz(xt)  :  t r ) .  I f  ( fno!tr)  is t ransverse

to the manifold E, then the previous set is difieomorphic to the set {x € IRn :

gzoS t (a ) :  g ro$ ( r ) :  gsogz ( t )  -  x \ .  S ince_ the  cod imens ion  o f  E  i s  6n ,  and  .

the dimension of the dornain i{ 4n, if (fnoltr) is transverse to the manifold E, then

Proposition 2.2imp\ies that (fnoV)-t(f) is an empty set. The Multijet Transversal-

ity Theorem implies that TE: {V e C-(lR",R3") : ,l0VilE} is a residual subset

of. C*(tR",R3"). From proposition 2.4, there is a homeomorphism l/ (w.r.t. to the

C- topology) from C-(tRo,R3") to C-(no,R') xC*(R",n") x C*(R",R"). Since
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C-(Ro,Rt") is a Baire spacerTD is a dense subset of C-(lRo,Rt"). Hence, H(TE)

is a dense, residual subset of c-(R",tR") x c-(R",tR") x c-(R",R"). I

TnEonnu 2.8. Supposerrr is an integer greaterthanL. Suppose !J1r... rgm ilRn --+

IRn are smooth. Suppose (R", {f irgzr... tgm,...}) is a non-autonornous system with

period, m. Suppose k is not a multiple of m. Then, genericatly the set {a € IRn :

t  :  9x . . . 92o  9 r ( x )  :  9zk " ' o  gk+ r ( t )  -  " '  E  9qk  o  gqk - r  o . . . 9 (q - r ) k+1@)  f o r

allrPositiae integers qj is empty, and these smooth function" (gr tg2t... tgm) arv, a

residual subset o/ Cb(nt, R')*.

Proof: Same argument as in Theorem 2.2.

Dnrnlt loN 2.15. Suppose (X,{ft, f2,...}) is a non-autonornous dynamical sys-

tem. Then (X,{fr, f2,...}) is C' structurally stable if there eaists a contin,uous

function e : X I IR* satisfying the fottowing: if for any non-autonornous sys-

tem (X,{5rt92t. . . } ) ,  for  each i ,  9;  l ies in Br(f ; )  -  {S € C*(X,X) :  for al l

x e x,d(j ' f ;("), j 'g(*)) < .(r)), then (Y,{gbstt...}) is dynarnically equiualent '

to (X, {h, fz,.  .  .  })

We finish this section with a few

first require a definition.

RnuanK 2.5. Let M be

non- autonornous system

remarks which, summa,rize this section. We

a cornpo,ct smooth n dimensional manifold. -suppose the

with per iod rn (M,{h, f2, . . . , f*})  has a per iodic point  p



uith peiodk. Sappose k is not a maltiple of rn. Then (Mr{hrfzr...rf^}) is not

structallly stoble.

- 
RuulnK 2.6. Sappose we haoe o non-aatonomoas system (M, {gtt g2t . . . t 1ml.) with

period m. A uay to find periodic points that orc stoble with rcspect to the non-

autonomoas system is to we a technique onologoas to the poincarc rctvm map. Set
' F :  

gmogm- to . . .  ogzog t .  Hence ,  FoF :  gmogm- te .oo  ogzog togmogm- to

...ro g2 o gtt and sb on. Thus, eoery tn iterutes of the non-autonomow systVm

(Mr{gbglt. . . rg^li correspond to one itervte of the autonomow system (M, F).

Hence, if the gniph of Fk is 1,ransaerse to the diagonal, then points uith period k

arc stoble.

t

RnulnK 2.7. For any non-aatonornous system{ftrfzr... rf^rftrfzr... rf^rftrfz,

... rf^r...) periodtn 7 t, all fu"il points aw anstable.

Consequently, if the goal is to find training algorithms that converge toward

a fixed point i.e. the fixed point represents a point where the network performs

optimallR then we must impose additional hypotheses on the training functions.


