
7l

THnonnu 4.17. suppose (xrd) is a compact rnetric space. suppose fr,fz,...,fo:
X + X are continuous functions. Then h(f"ofn_to... fzof i)  :  h(fxof*_r. .  .  f io

fn o fo-r . . . f*+r) fo, any k satisfying I < & I n.

Proof: set g : foo fo-t...f2, and set f - h. Because of corollary 4.5,

we have h(f" o fn-r o ... fz o /r) : h(h o fo o fn-r...fr). Now set / - f2 and.

9 : frofoofo-l  . . . /3) and apply Corol lary 4.5;this impliesft(f i  ofnofo-l  . . .  fz):
h(f, o,fi o fo o fo-r.../g). By induction, we continue making this argument until

we cycle all the way around. I

Next we develop a few lemmas so that we can generali ze h({f , gl) -- lh(g o f)

to  h( { f i  ,  f2 , . .  . ,  fp } )  :  ton jo  o  fp_r . . .  fzo  f i ) .

Lnuua 4.I2. Suppose (X, {ft, fz,. . ., fo}) d" a, non-autonomous system with period,

p. For any e ) 0 there edsts 6 ) 0, independent of n, satisfying the statment: If T is

o (0,  f r ,6,  fpofp- t . . . fzof i )  spanning set  for  X,  thenT is  a (0,  W,e,{h,  f2, . . . ,  f r } )

spanning set for X .

Proof: Let e ) 0. Then since f, it uniformly continuous there exists 6, >

0 such that d(z, w) <

continuous, there existq 6p-t 2 0 such that for any zrw € X, d,(zrw) <

implies d(fp-r(z),fp-r(r)) 16p. Inductivelg we can construct 6r-r ) 0 such that

d(r,ur) < 6r-r which implies that d(fr,-rQ),f*-r(r)) < dt. Set 6: min{fi,62,fi,

. . - ,6p ,e) .  Thend >  0 .  supposetheset  ? isa  (0 ,n ,6 , fpo fp- r r . . . ) f zo f r )  spann ing

set for X Let z € X. By the definitionof ? thereexist s €T so that
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(4.9)  d( l fno fp-ro. . .  fzo f ik( r ) ,  [ /n  o fp-ro. . .  fzo f ik( r ) )  < 6.

Let j be any integer satisfying 0 < j < pn. Then j - pk * r for some 0 ( r < p.

Recall  that l fp, fp-r, . . . ,  f f l tk+' :  f ,  o fr-ro . . .  fz o h o (fpo .. .  o fz o/t)*.

Hence, d(lfp, fp-r,. . . , /rJr("), lfp, fp-r,. . . , /rlr(r)) :

d ( f ,o . . .  f zoho( fpo  fp - r " ' o / t )e ( r ) ,  f ,o . . . f zo " f io  ( fpo  fp - r . . .o / t ) * ( r ) )  1€ ,

by 4.9 and the definition of 6. f

Rpuanx 4.L7. For any e ) 0 there esists 6 > 0 ind,ependent of n so that

rspan(0,ry,e, {fr, fz,. . ., fp}) 1 rrpoo(0, n, 6, fp o fpa . . . fzo /r).

Proof: This follows immediately from Lemma 4.12 and the fact that rspan :

the number of elements in a minimal spanning set.'

Lnuua 4.13. For any e >

: inq, fp o fp-r . . . fz ,; fi.

Proof: Let e > 0. From Remark 4.I7

logrrooo(0,w, e, {fr, fz, ., ., fp}) alogrrnoo(O,n, 
6, fp o fp-r . . . fz o fr)

w
The inequality implies that

h(r ,  {h,  fz , .  .  . ,  fp})  (  l im 
"unlogr 'pan(0 'w'e '  

{ f t '  f ' ' ' ' ' ' 'n"
w
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The right hand expression is less than or equal to:

lu*rop ) )  l - . -
p- i - - ; '  n- :  iU(6,{ fpofp-r" 'of i } ) .
I

Lnuur 4.L4. The first ineqaality is h({fr,fz,...,fp}) S }np,{fpo fpa... e f i}).

Proof: Flor any erte2 satisfying 0 < €l < e2, h(e1, {gi}) } h(e2,{gi}). Hence,

Leryma 4.Lg yields the result. I

Now we work toward the inequality in the opposite direction; i.e. h(Jfr fn|)

> inffn o fp-r . . . fzo "fr).

Rnu.e,nK 4.18. Sappose T is (0, n, e, fpo . . . fz o ft) ,Lporot"d, then T is a

(0,Wrer{ f r ,  f2r . . .hD separated,  set .  -

Proof: r'et xry eT. By definition, there is a & so that

d( ( fpo  . . .  f z  o / r ) t ( r ) ,  ( fpo  . . . f zo  / r ) t (y ) )  >  e ,  then d( fo , . . . f zo f i  J re ( r ) ,  l fp , . . . f zo

f ink ( i l )>e  and0  <p tc1pn .  f

' REMARK 4.19. An intermediote inequality is rr"p(\rwrer{hrfzr.../n}) >
' r""p(Lrf l tet 

fp o .  . .  fzo "f i) .  

?

Proof: This is immediate from Remark 4.1g. I
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Lnuua 4 . I5 .  For  o ,ny  e  )  0 ,  h( r , { f r , . . . ,  foD,  i t ( r , fpo  fp-1  o . .  . fzo  f i .

Proof: By Remark 4.19, for all n,

log r""r(0, pn, e, {ft, fz, . . ., fo}) log r""r(Drtu, e, fp o fp-r . . . fz o fi )
pn

Take the h;5gn of both sides of this inequality:

h(r, { f t ,  fz,.  -  - ,  fo}) :  t*gn

r riffJr}
.-. I r:_ ^--^logrsep(0,n,e ,fpofr-1...f2ofl)- =uffJP 

"
2 |;h(r, fp o fp-l . . . fz o f:rr). I

TnpongM 4.18. U ftr fz,. . . , fp: X + X are continuous functions, then the fol-

lowing relationship holds between the entropy of the non-autonomous system (X, {h,

fz,. . . , fo}) with period p, and the entropy of the autoil,omous system (X, foo fp-ro

.  . . fz o f i )

h({ f t , .  .  . ,  f r })  :  lorro 
o fp-t . .  .  fzo f i ) .

Proof:  From Lemma 4.I5,  h(r ,{ f t , . . . ,  foD > tonjo o fp-r . . . fz o f i ) .  Take

the l im of both sides to obtai" h({f i , ..., fr}) > inUoo fp-r...fzofi). The result
e+0

is immediate by applying Lemma 4.L4. I

The next idea involves reducing topological entropy of a non-autonomous sys-

tem to computing the topological entropy of an autonomous system. Consider the

period 2 non-autonomous system (X, {f ,g,f ,gr...}. The idea is to f ind the square

root of. g o / with respect to function composition i.e. find a continuouf, function ^9

so that ^9 o ̂ 9 - g o f .
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Tnnonnna 4.19. Suppose frgrS : X -+ X where X is a compact metric space.

f , 9, S are continuous, and S o ̂ 9 : g o f . Then the topological entropy of S equals

the topological entropy of {f ,9, f ,g,.. .}. In our notation h(s) - h({f ,g}).

Proof: The idea here is to use the uniform continuity of f ,5, (X is compact),

and then utilize the spanning set definition of topological entropy.

Let 7 > 0. Since / is uniformly continuous, there exists 6 ili ) 0 satisfying

6ili a l and d(x,y) < 6ili implies that d(f(*),f@)) 11for any o,u €'x.

Similarly, since ̂ 9 is uniformly continuous, there exists 6s(,f,) ) 0 and ds(Z) ( 7 so

that d(*,v) < 6s(r) implies that d(s(x),s(y)) ( 7 for any t,y e x.

Now we develop four Remarks so that we can finish the proof.

REMARK 4.20. If the set T (j,n,dr(r), S) spans X, then T also (j,n,t,{f ,gI)
spa,ns X, wheneaer 6th) a 7.

Proof: Let y e x. Then there is an t e ? so that d(*,y) <

d(s i (x ) , sd (y ) )  <6 i l : ' ) fo r  j  < i<  n .  when f  i seven , f  :2kand0< i<  n ,

then d([g,f l i (r), ls,f l i (y)):  d(^9d(r),s;(y)) < 6i l i  < ? when i  is odd, i  -2krL
'  

and0< i  < -T t ,  then  d ( [g , f ] i ( * ) , l g , f l i ( , y ) ) :d ( foS t (c ) ,  f  oSk( i l )  <Tbecause

d(Sk(x), sk(y)) < 61(7). r

Rpuenx 4.2L. I f  the setT ( j ,n,6s(r),  { f  ,g}) spo,ns x, thenT ( j ,*,1,s) spans

X , wheneuer 6s(Z) a 1.
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Proof: Let y e X. Then there is an x € T so that d(l1,/ld(r), lg,fli(V)) <

6s( f )  fo rT  < i  <n .  Whenk iseven,  k :2mand7 <  k  <  n ,  thend(^g&( r ) ,Sk(y ) )  :

d ( (go f ) * ( r ) , (go f ) *@))  <  6s ( r )  S r .Whenk isodd ,k :2m*1  and  j  <k  < - tu ,

then d(^9e(c),^9e(y)) - d(S o ls, flz*@), S o lg, flz*(y)) < r by the definition of

6s(r). r

Rnunnx 4.22. For any 1) 0,  rspan(j ,n, ,y,{ f  ,g})  S rspan(j ,n,6t0),5) wheneaer

6ilt) a 1.

Proof: This Remark immediately follows from Remark 4.20. I

Rnu.a.nx 4.23. For any , ,1) 0,  rrpon( j , f r t 'y ,S) S ,rpoi( j ,n,6s( l ) , { f  ,g})  wheneaer

6s(r) a 1.

Proof: This Remark immediately follows from Remark 4.20. I

Now that we have established the four Remarks, we finish the proof. Fix

e ) 0. Then by the above we were able to choose 6y(e) ( e. Hence, h(r,{f ,g}) <

h(6 /e), S) by Remark 4.22. Since e ) 0 was arbitrary and we were able to find an

rt -6r(.) so that h(r,{I,sD |gh(rt,S) we see that h({f ,e}) S h(S).

Similarly, fix e > 0. By the previous we were able to choose 6s(e) ( e. Hence,

h(e,^9) S h(6ile),{f ,g}) by Remark 4.23. Since e ) 0 was arbitrary and we were

abletof ind anrl -  6s(e) so that h(e,,S) < h(q,{f  ,g}) we seethat h(S) <h({f ,s}).

I



This idea can be extended to

gn o ... gz o gt. We now show

modulo topological entropy.

Proof: By theorem 4.Ig, h(S)

4.15,  h({ f  ,g})  :  h({g, / } ) .  Hence,
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the nth root i.e. the existence of an ^9 so that ,S* :

the uniqueness of square roots of period 2 functions

TunonEM 4.20. Suppose f,g: X -', X where (X,d) is a compact metric space.

Suppose there esists continuous functions S, R z X + X where ̂ 9 o ̂ 9 : g o f and

RoR- f  og .Thenwehaue  h (S )  - h (R ) .

- h({f ,e}) and h(R) - h({g, f}). By theorem

h(s) - h(ft). r

This next section explores a few examples that 
7ffer 

insight on the theorems

just proven. A natural question is what is the relationship between h({f ,g,...})

and h(/) and h(g). The following example shows that we can choose / and g so

that h(f) - h(S) - 0, but h({ f ,9,...}) > 0. In fact, using the technique in this

example we can *uk: h({f ,9,... }) arbitrarily large, yet h(f) - h(g) - 0.

Set X - [-1,1] and define f,9 i X +X where

-1

0<
Lr '

( r (0 ,
*<t,
x  1 I ,

,  . [o  i f
/ ( " ) : {  -2x  i f

|  2x  -2  i f

(  2x+2 i f  -1  < *<-L,
g(*) : l -2a i f  -LSc(0,

[0  i f  0 (s (1 ,
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1' f ( '): 

{

0 i f
4a if
2 -4o  i f
4s -2  i f
-4s*4 i f

-1  <s(0 ,
0(o<+,
is, < +'
i  3'< i '
tS, < 1.

First, we note that /([0, U) = [-t,0]. Hence , f2(10,1J) : {0}, .od /([-1,0]) - ."

{0}. Hence, k > 2 impligs that'/t is the constant 0 function, so h(f) - Q. We ma,ke

a simila^r argument for g. Hence, g([-1,0J) : [0, U, so g& - 0 wheneve r k ) 2.

ConsequentlR h(g) - 0.

Thus, (g o f)l1o,r1 : T oT where ? i's the tent map. Hence, hg\ :2h(T) -

2los2, so h({/, et. .. }) > Lh(gof) > tng') : log2. Hence, we see that h({f ,e}) >
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maxth(/), h(g)) = 0. In fact, by maki ,,gzn tents in the same region that we made

tents in the definition of / and 9r w€ see that

larse, yet h(/) - h(g) - 0'

we can make h({f ,g}) *bitrarilY

suppose rrlraare continuous functions. The following example illustrates that

h(t oo) = h(a ol) does not imply that h(r ol o o) : h(r o o o l)' In other words'

h(/) : h(g)does not imply that h(r o f) : h(r o g). Define d,l,r : [0, 1] _-l [0' 1]

where

( \  i f  osoS+,
"("):t 3"if i..7i,

l(r) -

r(c)  :

4x
2-4x
0

0
4s -2
4-4x

i f  0Ss<i '
i f  i ."S+,
i f  i . *51,

i f  0<;.L,
it ,2. <1,
i f  f ,<x < 1.

Note  t ha t  h ( ro l oo )  -  0 ,  bu t  h ( rodo t ) :  l og4 .  se t  o1  :  [ 0 ,  1 ]  t  02 :  t l ' ] ] ,

03 : t } , 1 ] t 04 : [ i , 1 ] .Wecande f i neas imp l i c i a lma t r i x f o reachmapo land

r. Let M(c) : (*;i)be a four by four matrix, where mii I if' oi C o(o;)' md

yn i i 0 ,o the rw i se .De f i neM( t )andM( r ) i nas im i l a rway .

Now consider the simplicial matrices for drl, and r'

:fi lll)M(o)
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h (go f  o  f  og ) :  h (gogo f  o . f ) :  h ( f  o  f  ogog )  by  Lemma4 .b .  Howeve r ,  t he

word f f gg is not the same as f gf g as the following example illustrates:

Define f ,9 : [0, U - [0, t] where

Then  gog  i s  a  cons tan t  D&p ,  so  h ( f  o  f  ogog)  -  0 .  However ,h ( f  ogo  f  og )  _

zh(f o g) - 2log4:4log2 because f o g has a graph with two tents.

(0 i f  0(r<+,
f(*): l4x-2 i f  i . r .1,

l4 -4x  i f  f ,< r (1 ,

s(.):{1',,i f i=..ii',


