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Abstract. A new computing machine, called an active element machine (AEM), and
programming language is presented. This computing model is motivated by the positive
aspects of dendritic integration, inspired by biology, and traditional programming lan-
guages based on the register machine. Distinct from the traditional register machine, the
fundamental computing elements – active elements – compute simultaneously. Distinct
from traditional programming languages, all active element commands have an explicit
reference to time. These attributes make the AEM an inherently parallel machine, enable
the AEM to change its architecture (program) as it is executing its program. Using a
random bit source from the environment and the Meta command, a simple AEM program
generates an arbitrary real number in [0, 1]. Exploiting the randomness from the environ-
ment, this example is extended to an AEM that can recognize an arbitrary binary language
L ⊆ {0, 1}∗. Finally, an AEM program finds the Ramsey number r(3, 3), illustrating how
parallel AEM algorithms and time in the commands help compute an NP-hard problem.

1. Introduction

A new computing machine, called an active element machine (AEM), and program-
ming language is presented. This computing model is motivated by the positive aspects
of dendritic integration, inspired by biology, and traditional programming languages based
on the register machine. Distinct from the traditional register machine, the fundamental
computing elements – active elements – compute simultaneously. Distinct from traditional
programming languages, all active element commands have an explicit reference to time.
These attributes make the AEM an inherently parallel machine and enable the AEM to
change its architecture (program) as it is executing its program.

1.1. Wilfrid Rall’s Models of Dendritic Integration. Wilfrid Rall’s research [11] in
neurophysiology influenced the development of the active element machine – in particular,
his work on dendritic integration and how this contributes to computation. Rall’s math-
ematical models are thorough and complicated; Rall modelled the non-linearities of the
neuron and much of his work focussed on dendritic integration.

Our goal was to capture the critical computational properties of dendritic integration
that use its computational power while keeping the mathematics as simple as possible.
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Another goal was to assure that the mathematics and computing mechanism were simple
enough to implement in silicon and other kinds of hardware ([4], [5]).

Our third goal was to make the machine and language simple enough to design AEM
programs implicitly, explicitly or both. An AEM program may be designed implicitly using
evolutionary methods. An AEM program may be explicitly written by one or more persons.
Early and current neural network models [7], [9] are complicated to program or do not have
a simple programming language for designing the network. For the above reasons, implicit
and explicit programmability were important criteria that influenced the design of the active
element machine.

1.2. Register Machine Computation. Another part of this development comes from the
formal model of the Turing machine [15] and the subsequent von Neumann architecture.
(This section contains some rhetorical content as a means to motivate new notions.) Today’s
computers do not conceptually work much differently than these early models. Perhaps,
the biggest difference is that today’s computers are much faster. In the current notion of
an algorithm, the relevant concepts of the Turing computing model (see [15] and definitions
4.3, 4.4, 4.5, 4.6) are:

• There are a finite number of alphabet symbols A = {a1, . . . , an} read and written
to a tape.
• There are a finite number of machine states Q = {q1, . . . , qm}.
• The Turing program η is a finite set of rules that stays fixed: The rules do not

change as the program executes.
• The execution of one rule represents a computational step. During this compu-

tational step, one of the rules is selected, based on the current alphabet symbol
pointed to by the tape head and the current machine state. The output of the rule
specifies that a new alphabet symbol or the same symbol is written to the tape, the
machine moves to a new state or stays in the current state and that the tape head
moves one square to the left or right.
• Computational steps are executed sequentially with no explicit reference to time.

In light of the above, it seems natural for the Turing machine to lead to the register
machine (see [1], [10], [14]). In the register machine, a program is a finite number of
instructions that are executed in a linear sequence. Further, the contents of a register is
changed in one computational step, which is analogous to writing a new symbol on the tape
during one computational step of the Turing machine. In the register machine, there is also
no explicit reference to an absolute or relative time. And usually only one register machine
instruction is executed at a time, which creates a computational bottleneck.

1.3. Explicit Representation of Time. The register machine is a programmable ma-
chine but the program is fixed during program execution. There is also no notion of explicit
time in the register machine model, only the order in which instructions are executed. Rall’s
research does not address programmability and has no notion of commands. His models
used time, dendritic integration and adaptability of the synapses. The active element ma-
chine explicitly represents time in the machine commands which enables the following useful
properties.
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• Parallel algorithms can be implemented in a natural way, since each active element
performs computation and all of them simultaneously compute.
• Explicit time in the active element commands enhances control over the active

element machine computation because the synchronization of computation among
different groups of active elements can be coordinated. This coordination helps
avoid race conditions that can occur in the standard programming languages that
implement concurrent processes.
• The machine can change its own architecture (program) with the Meta command

while it is executing.
• The Meta command enables the active element machine’s complexity to increase

over time.
In [8], Edward Lee proposes using explicit time in a computing model and computing

applications:
This paper argues that to realize its full potential, the core abstractions of
computing need to be rethought to incorporate essential properties of the phys-
ical systems, most particularly the passage of time. It makes a case that the
solution cannot be simply overlaid on existing abstractions, . . . . The empha-
sis needs to be on repeatable behavior rather than on performance optimiza-
tion.

2. Machine Architecture

An active element machine is composed of computational primitives called active ele-
ments. There are three kinds of active elements: Input, Computational and Output active
elements. Input active elements process information received from the environment or an-
other active element machine. Computational active elements receive messages from the
input active elements and other computational active elements firing activity and transmit
new messages to computational and output active elements. The output active elements
receive messages from the input and computational active elements firing activity. The
firing activity of the output active elements represents the output of the active element
machine. Every active element is an active element in the sense that each one can receive
and transmit messages simultaneously.

Each active element receives messages, formally called pulses, from other active elements
and itself and transmits messages to other active elements and itself. If the messages received
by active element, Ei, at the same time sum to a value greater than the threshold, then
active element Ei fires. When an active element Ei fires, it sends messages to other active
elements.

Let Z denote the integers. Define the extended integers as Z = {m + kdT : m, k ∈ Z
and dT is a fixed infinitesimal}. For more on infinitesimals, see [13].

Definition 2.1. Machine Architecture
Γ, Ω, and ∆ are index sets that index the input, computational, and output active

elements, respectively. Depending on the machine architecture, the intersections Γ ∩ Ω
and Ω ∩ ∆ can be empty or non-empty. A machine architecture, denoted as M(I, E ,O),
consists of a collection of input active elements, denoted as I = {Ei : i ∈ Γ}; a collection of
computational active elements E = {Ei : i ∈ Ω}; and a collection of output active elements
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O = {Ei : i ∈ ∆}. Each computational and output active element, Ei, has the following
components and properties:

• A threshold θi

• A refractory period ri where ri > 0.

• A collection of pulse amplitudes {Aki : k ∈ Γ ∪ Ω}.
• A collection of transmission times {τki : k ∈ Γ∪Ω}, where τki > 0 for all k ∈ Γ∪Ω.

• A function of time, Ψi(t), representing the time active element Ei last fired. Ψi(t) =
sup{s : s < t and gi(s) = 1}, where gi(s) is the output function of active element
Ei and is defined below. The sup is the least upper bound.

• A binary output function, gi(t), representing whether active element Ei fires at time
t. The value of gi(t) = 1 if

∑
Aki(t) > θi where the sum ranges over all k ∈ Γ∪Ω and

t ≥ Ψi(t)+ri. In all other cases, gi(t) = 0. For example, gi(t) = 0, if t < Ψi(t)+ri.

• A set of firing times of active element Ek within active element Ei’s integrating
window, Wki(t) = {s : active element Ek fired at time s and 0 ≤ t− s− τki < ωki}.
Let |Wki(t)| denote the number of elements in the set Wki(t). If Wki(t) = ∅, then
|Wki(t)| = 0.

• A collection of input functions, {φki : k ∈ Γ∪Ω}, each a function of time, and each
representing pulses coming from computational active elements, and input active
elements. The value of the input function is computed as φki(t) = |Wki(t)|Aki(t).

• The refractory periods, transmission times and pulse widths are positive integers;
and pulse amplitudes and thresholds are integers. The time t – that these parameters
are a function of i.e. θi(t), ri(t), Aki(t), ωki(t), τki(t) – is an element of the extended
integers Z.

Input active elements that are not computational active elements have the same char-
acteristics as computational active elements, except they have no inputs φki coming from
active elements in this machine. In other words, they don’t receive pulses from active el-
ements in this machine. Input active elements are assumed to be externally firable. An
external source such as the environment or an output active element from another distinct
machine M(I ′, E ′,O′) can cause an input active element to fire. The input active element
can fire at any time as long as the current time minus the time the input active element
last fired is greater than or equal to the input active element’s refractory period.

An active element, Ei, can be an input active element and a computational active
element. Similarly, an active element can be an output active element and a computational
active element. Alternatively, when an output active element, Ei, is not a computational
active element, where i ∈ ∆ − Ω, then Ei does not send pulses to active elements in this
machine.

Example 2.2. Overlapping pulses with different firing times
Consider the four element machine where X, Y , and Z are input active elements and

B is a computational active element. The parameters of the elements and their connections
are shown in tables 1 and 2.

Input elements X, Y , and Z are externally fired at times 4, 1 and 2, respectively. At
time t = 3, pulses created by Y and Z are travelling to B but have not yet arrived. B
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Table 1: Element Parameter Values

Element Threshold Refractory Firing Times
X 1 4
Y 1 1
Z 1 2
B 10 2 5
X, Y , and Z show no thresholds, since they are input elements.

Table 2: Connection Parameter Values

Connection From To Amplitude Width Transmission Time
XB X B 3 4 1
YB Y B 4 2 3
ZB Z B 4 2 2

does not fire. At time t = 4, pulses created by Y and Z arrive at B. The input to B is
AY B(4) +AZB(4) = 8 which does not exceed B’s threshold. B does not fire. At time t = 5,
pulses created by Y and Z are still at B because their pulse widths are 2. Also the pulse
from X arrives. The input to B is AXB(5) + AY B(5) + AZB(5) = 11 which exceeds B’s
threshold. B fires at time t = 5. At time t = 7, the refractory period of B has expired. The
pulses created by Y and Z have passed through B. The pulse from X is still at B. The
input to B is AXB(7) = 3 which does not exceed B’s threshold. B does not fire at time
t = 7.

This paragraph summarizes the machine architecture. If gi(s) = 1, this means active
element Ei fired at time s. The refractory period, ri, is the amount of time that must elapse
after active element Ei just fired before Ei can fire again. The transmission time, τki, is
the amount of time it takes for active element Ei to find out that active element Ek has
fired. The pulse amplitude, Aki, represents the strength of the pulse that active element Ek

transmits to active element Ei after active element Ek has fired. After this pulse reaches
Ei, the pulse width ωki represents how long the pulse lasts as input to active element Ei.
At time s, the connection from Ek to Ei represents the triplet (Aki(s), ωki(s), τki(s)). If
Aki = 0, then there is no connection from active element Ek to active element Ei.

3. Four Active Element Machine Commands and Syntax

This section shows how to explicitly program an active element machine with four AEM
commands: Element, Connection, Fire, and Program.

Definition 3.1. AEM Program
In Backus-Naur form, an AEM program is defined as follows.

<AEM_program> ::= <cmd_sequence>

<cmd_sequence> ::= "" | <AEM_cmd><cmd_sequence>

| <program_def><cmd_sequence>

<AEM_cmd> ::= <element_cmd> | <fire_cmd> | <meta_cmd>
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| <cnct_cmd> | <program_cmd>

Definition 3.2. AEM Symbols and Extended Integer Expressions
In Backus-Naur form, the AEM symbols are defined as follows.

<ename> ::= "" | <int> | <symbol>

<symbol> ::= <symbol_string> | (<ename> . . . <ename>)

<symbol_string> ::= "" | <char_symbol><str_tail>

<str_tail> ::= "" | <char_symbol><str_tail> | 0<str_tail>

| <pos_int><str_tail>

<char_symbol> ::= <letter> | <special_char>

<letter> ::= <lower_case> | <upper_case>

<lower_case> ::= a | b | c | d | e | f | g | h | i | j | k | l | m
| n | o | p | q | r | s | t | u | v | w | x | y | z

<upper_case> ::= A | B | C | D | E | F | G | H | I | J | K | L | M
| N | O | P | Q | R | S | T | U | V | W | X | Y | Z

<special_char> ::= "" | _

These rules represent the extended integers, addition and subtraction.
<int> ::= <pos_int> | <neg_int> | 0

<neg_int> ::= − <pos_int>

<pos_int> ::= <non_zero><digits>

<digits> ::= <numeral> | <numeral><digits>

<non_zero> ::= 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9
<numeral> ::= "" | <non_zero> | 0

<aint> ::= <aint> <math_op> <d> | <d> <math_op> <aint> | <d>

<math_op> ::= + | -

<d> ::= <int> | <symbol_string> | <infinitesimal>

<infinitesimal> ::= dT

Definition 3.3. Element
An Element command specifies the time when an active element’s values are updated

or created. This command has the following Backus-Naur syntax.
<element_cmd> ::= (Element (Time <aint>) (Name <ename>)

(Threshold <int>)(Refractory <pos_int>)(Last <int>))

The keyword Time tags the time integer value s at which the element is created or
updated. If the name symbol value is E, the keyword Name tags the name E of the active
element. The keyword Threshold tags the threshold θE(s) assigned to E. Refractory tags
the refractory value rE(s). The keyword Last tags the last time fired value ΨE(s).

The following is an example of an element command.
(Element (Time 2) (Name H) (Threshold -3) (Refractory 2) (Last 0))

At time 2, if active element H does not exist, then it is created. Active element H has its
threshold set to −3, its refractory period set to 2, and its last time fired set to 0. After
time 2, active element H exists indefinitely with threshold = −3, refractory = 2 until a
new Element command whose name value H is executed at a later time; in this case, the
Refractory, Threshold and Last values specified in the new command are updated.
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Definition 3.4. Connection
A Connection command creates or updates a connection from one active element to

another active element. This command has the following Backus-Naur syntax.
<cnct_cmd> ::= (Connection (Time <aint>)(From <ename>)(To <ename>)

[(Amp <int>)(Width <pos_int>)(Delay <pos_int>)] )

The keyword Time tags the time value s at which the connection is created or updated.
The keyword From tags the name F of the active element that sends a pulse with these
updated values. The keyword To tags the name T of the active element that receives a pulse
with these updated values. The keyword Amp tags the pulse amplitude value AFT (s) that
is assigned to this connection. The keyword Width tags the pulse width value ωFT (s). The
keyword Delay tags the transmission time τFT (s).

When the AEM clock reaches time s, F and T are name values that must be the name
of an element that already has been created or updated before or at time s. Not all of the
connection parameters need to be specified in a connection command. If the connection does
not exist beforehand and the Width and Delay values are not specified appropriately, then
the amplitude is set to zero and this zero connection has no effect on the AEM computation.
Observe that the connection exists indefinitely with the same parameter values until a new
connection is executed at a later time between From element F and To element T.

The following is an example of a connection command.
(Connection (Time 2) (From C) (To L) (Amp -7) (Width 1) (Delay 3))

At time 2, the connection from active element C to active element L has its amplitude set
to −7, its pulse width set to 1, and its transmission time set to 3.

Definition 3.5. Fire
The Fire command has the following Backus-Naur syntax.

<fire_cmd> ::= (Fire (Time <aint>) (Name <ename>) )

The Fire command fires the active element indicated by the Name tag at the time indicated
by the Time tag. This command is primarily used to fire input active elements in order to
communicate program input to the active element machine.

An example is (Fire (Time 3) (Name C)), which fires active element C at t= 3.

Definition 3.6. Program
The Program command is convenient when a sequence of commands are used repeat-

edly. This command combines a sequence of commands into a single command. It has the
following definition syntax.
<program_def> ::= (Program <pname> [(Cmds <cmds>)][(Args <args>)]

<cmd_sequence> )

<pname> ::= <ename>

<cmds> ::= <cmd_name> | <cmd_name><cmds>

<cmd_name> ::= Element | Connection | Fire | Meta | <pname>

<args> ::= <symbol> | <symbol><args>

The Program command has the following execution syntax.
<program_cmd> ::= (<pname> [(Cmds <cmds>)] [(Args <args_cmd>)] )

<args_cmd> ::= <ename> | <ename><args_cmd>
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The FireN program is an example of definition syntax.
(Program FireN (Args t E)

(Element (Time 0) (Name E)(Refractory 1)(Threshold 1)(Last 0))

(Connection (Time 0) (From E) (To E)(Amp 2)(Width 1)(Delay 1))

(Fire (Time 1) (Name E))

(Connection (Time t+1) (From E) (To E) (Amp 0))

)

The execution of the command (FireN (Args 8 E1)) causes element E1 to fire 8 times at
times 1, 2, 3, 4, 5, 6, 7, and 8 and then E1 stops firing at time = 9.

4. Copy and Nand Program Examples

The first example describes an active element copy program. The second example describes
a nand program.

Example 4.1. Copy Program
This active element program copies an element’s firing state to another element.

(Program copy (Args s t b a)
(Element (Time s-1) (Name b) (Threshold 1) (Refractory 1) (Last s-1))
(Connection (Time s-1) (From a) (To b) (Amp 0) (Width 0) (Delay 1))
(Connection (Time s) (From a) (To b) (Amp 2) (Width 1) (Delay 1))
(Connection (Time s) (From b) (To b) (Amp 2) (Width 1) (Delay 1))
(Connection (Time t) (From a) (To b) (Amp 0) (Width 0) (Delay 1))
)

When the copy program is called, active element b will start firing if a fired during the
window of time [s, t). Further, a connection is set up from b to b so that b will keep firing
indefinitely. This enables b to store active element a’s firing state.

Example 4.2. Nand Program
This active element program computes a nand circuit.
(Program nand (Args s x y l h)
(Element (Time s) (Name x) (Threshold 0) (Refractory 1) (Last s))
(Element (Time s) (Name y) (Threshold 0) (Refractory 1) (Last s))
(Element (Time s) (Name h) (Threshold -3) (Refractory 2) (Last s))
(Element (Time s) (Name l) (Threshold 3) (Refractory 2) (Last s))
(Connection (Time s) (From x) (To l) (Amp 2) (Width 1) (Delay 1))
(Connection (Time s) (From x) (To h) (Amp -2) (Width 1) (Delay 1))
(Connection (Time s) (From y) (To l) (Amp 2) (Width 1) (Delay 1))
(Connection (Time s) (From y) (To h) (Amp -2) (Width 1) (Delay 1))
)

B and C are input elements. L (represents a 0 output) and H (represents a 1 output) are
output elements. The call (nand (Args -1 B C L H)) creates the connections between
B, C, L and H. All four cases are verified where | denotes the Sheffer stroke.

(1) At t = 0, active elements B and C do not fire i.e. B | C = 0|0 = 1. Since the threshold
of H is −3, H fires at time t = 1.
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(2) At t = 0, active element B fires and C does not fire i.e. B | C = 1|0 = 1. Since one
pulse with amplitude −2 reaches H at t = 1 just as the refractory period expires and
−2 > −3, then H fires at time t = 1.

(3) At t = 0, active element B does not fire and C fires i.e. B | C = 0|1 = 1. Since one
pulse with amplitude −2 reaches H at t = 1 just as the refractory period expires and
−2 > −3, then H fires at time t = 1

(4) At t = 0, active elements B and C both fire i.e. B | C = 1|1 = 0. At time t = 1, two
pulses with amplitude −2 reach H so H does not fire. At time t = 1, two pulses reach
L, and each pulse has amplitude 2. L has threshold = 3, so L fires at t = 1.
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Appendix

In the following Turing Machine definition, the Turing program η is explicitly repre-
sented as a function instead of quintuples ([3], [15]).

Definition 4.3. Turing Machine
A Turing machine is a triple (Q,A, η) where

• Q is a finite set of states that does not contain the halt state. The states are
sometimes represented as natural numbers Q = {2, ...,K}. There is a unique halt
state, represented as h or as 1.
• When machine execution begins, the machine is in an initial state s and s ∈ Q.
• A is a finite set of alphabet symbols that are read from and written to the tape.
• −1 and +1 represent advancing the tape head to the left or right square, respectively.
• η is a function where η : Q×A→ (Q∪{h})×A×{−1,+1}. η acts as the program

for the Turing machine. For each q in Q and α in A, η(q, α) = (r, β, x) describes how
machine (Q,A, η) executes one computational step. When in state q and scanning
alphabet symbol α on the tape:

– Machine (Q,A, η) changes to state r.
– Machine (Q,A, η) rewrites alphabet symbol α as symbol β on the tape.
– If x = −1, then machine (Q,A, η) moves its tape head one square to the left

on the tape and is subsequently scanning the symbol in this square.
– If x = +1, then machine (Q,A, η) moves its tape head one square to the right

on the tape and is subsequently scanning the symbol in this square.
– If r = h, machine (Q,A, η) enters the halting state h, and the machine halts.

http://www.springerlink.com
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Definition 4.4. Turing Machine tape
The Turing machine tape T is represented as a function T : Z→ A where Z denotes the

integers. The tape T is M -bounded if there exists a bound M > 0 such that T (k) = T (j)
whenever |k|, |j| ≥ M . The Turing machine definitions in [3] and [15] assume the initial
tape, before program execution begins, is M -bounded and the tape contains only blank
symbols, denoted here as #, outside the bound. The symbol on the kth square of the tape
is T (k).

Definition 4.5. Turing Machine Configuration with tape head location
Let (Q,A, η) be a Turing machine with tape T. A configuration is an element of the set

C = (Q ∪ {h})× Z× {T : T is tape with range A}. If (q, k, T ) is a configuration, then k is
called the tape head location.

Consider the configuration (p, 2, . . .##αβ## . . . ). The 1st coordinate indicates that
the Turing machine is in state p. The 2nd coordinate indicates that its tape head is currently
scanning tape square 2, denoted as T (2). The 3rd coordinate indicates that tape square 1
contains symbol α, tape square 2 contains symbol β, and all other tape squares contain the
# symbol.

Definition 4.6. Turing Machine Computational Step
Given Turing machine (Q,A, η) in current configuration (q, k, T ) such that T (k) = α.

After the execution of one computational step, the new configuration is determined by one
and only one of the four cases

(1) (r, k − 1, S) if η(q, α) = (r, β,−1) for non-halting state r
(2) (r, k + 1, S) if η(q, α) = (r, β,+1) for non-halting state r
(3) (h, k + 1, S) if η(q, α) = (h, β,+1) for halting state h
(4) (h, k − 1, S) if η(q, α) = (h, β,−1) for halting state h

such that for all four cases the new tape S(j) = T (j) whenever j 6= k and S(k) = β. In
cases (3) and (4), the machine execution halts.

If the machine is currently in configuration (q0, k0, T0) and over the next n steps the sequence
of machine configurations (points) is (q0, k0, T0), (q1, k1, T1), (q2, k2, T2), . . . , (qn, kn, Tn),
then this execution sequence is sometimes called the next n+ 1 computational steps.
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